APPROXIMATE ULTRAHOMOGENEITY IN L,L,
LATTICES

MARY ANGELICA TURSI

ABSTRACT. We show that for 1 < p,q < oo with p/q ¢ N, the doubly
atomless separable L, L, Banach lattice L,(L4) is approximately ultra-
homogeneous (AUH) over the class of its finitely generated sublattices.
The above is not true when p/q € N and p # ¢. However, for any p # q,
L,(Lg) is AUH over the finitely generated lattices in the class BL,Lq
of bands of L, L, lattices.

1. INTRODUCTION

In this paper, we explore the homogeneity properties (or lack thereof) of
the class of L,L, lattices under various conditions.

The following is taken from [6]: A Banach lattice X is an abstract L,L,
lattice if there is a measure space (€2, %, u) such that X can be equipped
with an Lo (Q)-module and a map N : X — L,(£2) such that

For all ¢ € Loo(2)+ and z € X4, ¢-x > 0,

For all ¢ € Lo(2) and z € X, N[¢ - z] = |¢|N|zx].

For all z,y € X, N[z + y] < N[z] + N[y]

If z and y are disjoint, N[z + y|? = N[z]? + N[y]9, and if |z| < |y|,
then N|z] < Nyl

e Forall x € X, [|z]| = ||[N[z]|z,.

When the abstract L,L, space is separable, it has a concrete represen-
tation: Suppose (2,2, ) and (€, ¥/, u') are measure spaces. Denote by
L,(Q; Ly(Y)) the space of Bochner-measurable functions f : @ — Ly (')
such that the function N[f], with N[f](w) = || f(w)||q for w € Q, is in L, ().
The class of bands in L, L, lattices, which we denote by BL,L,, has certain
analogous properties to those of L, spaces, particularly with respect to its
isometric theory.

L,L, lattices (and their sublattices) have been extensively studied for
their model theoretic properties in [6] and [7]. It turns out that while ab-
stract L, L, lattices themselves are not axiomatizable, the larger class BL,L,
is axiomatizable with certain properties corresponding to those of L, spaces.
For instance, it is known that the class of atomless L, lattices is separably
categorical, meaning that there exists one unique atomless separable L,
lattice up to lattice isometry. Correspondingly, the class of doubly atomless
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BL, L, lattices is also separably categorical; in particular, up to lattice isom-
etry, L,([0, 1]; L4[0, 1]), which throughout will just be referred to as Ly(Ly),
is the unique separable doubly atomless BL,L, lattice (see [7, Proposition
2.6)).

Additionally, when p # ¢, the lattice isometries of L,L, lattices can be
characterized in a manner echoing those of linear isometries over L, spaces
(with p # 2). Recall from [I, Ch. 11 Theorem 5.1] that amap 7" : L,(0,1) —
L,(0,1) is a surjective linear isometry iff T'f(t) = h(t)f(¢(t)), where ¢ is
a measure-preserving transformation and h is related to ¢ through Radon-
Nikodym derivatives. If we want T to be a lattice isometry as well, then we
also have h positive (and the above characterization will also work for p = 2).
In [3] (for the case of ¢ = 2) and [13], a corresponding characterization of
linear isometries is found for spaces of the form L,(X;Y’), for certain p
and Banach spaces Y. In particular, for L,L, lattices with p # ¢: given
[ € Lp(Q; Ly()), where f is understood as a map from Q to L4, any
surjective linear isometry 7' is of the form

Tf(x) = S(z)(e(z)¢f (x)),

where ¢ is a set isomorphism (see [3] and [13] for definitions) e is a mea-
surable function related to ¢ via Radon-Nikodym derivatives, and S is a
Bochner-measurable function from §2 to the space of linear maps from L, to
itself such that for each z, S(z) is a linear isometry over L,.

In [I1], Raynaud obtained results on linear subspaces of L,L, spaces,
showing that for 1 < g < p < 00, some £, linearly isomorphically embeds into
L,(Ly) iff it embeds either to L, or to L,. However, when 1 < p < ¢ < o0,
for p <r < g, the space ¢, isometrically embeds as a lattice in L,(L,), and
for any p-convex and g-concave Orlicz function ¢, the lattice Ly embeds lat-
tice isomorphically into L,(L,). Thus, unlike with L,, lattices whose infinite
dimensional sublattices are determined up to lattice isometry by the number
of atoms, the sublattices of L,L, are not so simply classifiable.

In fact, the lattice isometry classes behave more like the L, linear isome-
tries, at least along the positive cone, as is evident in certain equimeasura-
bility results for L,L, lattices. In [I 1], Raynaud also obtained the following
on uniqueness of measures, a variation of a result which will be relevant in
this paper: let « > 0, ¢ N, and suppose two probability measures v; and
vy on Ry are such that for all s > 0,

/OOO(Hs)a don (1) = /OOO(HS)& i (1).

Then v; = v,. Linde gives an alternate proof of this result in [3].



APPROXIMATE ULTRAHOMOGENEITY IN L,L, LATTICES 3

Various versions and expansions of the above result appear in reference
to L, spaces: for instance, an early result from Rudin generalizes the above
to equality of integrals over R™: ([12]). Assume that o > 0 with a ¢ 2N,
and suppose that for all v € R",

/n(l by ) di(z) = /n(1 by 2)® dus(2)

Then v1 = v5. An application of this result is a similar condition by which
one can show that one collection of measurable functions F' : R™ — R, with
f = (f1,..., fn) is equimeasurable with another collection g = (¢1, ..., gn) By
defining v and 1o as pushforward measures of F' and G. In the case of
L, spaces, if f and g are corresponding basic sequences whose pushforward
measures satisfy the above for o = p, then they generate isometric Banach
spaces. Raynaud’s result shows the converse is true for a # 4,6,8,.... A
similar result inL,(L,) from [7] holds for & = p/q ¢ N under certain con-
ditions, except instead of equimeasurable f and g, when the f;’s and g/s
are mutually disjoint and positive and the map f; — g; generates a lattice
isometry, (N[fi],..., N[fn]) and (N[g1], ..., N[gn]) are equimeasurable.

Recall that a space X is approzimately ultrahomogeneous (AUH) over a
class G of finitely generated spaces if for all appropriate embeddings f;; F —
X with i = 1,2, for all £ € G generated by eq,...,e, € E, and for all € > 0,
there exists an automorphism ¢ : X — X such that for each 1 < j < n,

o fi(e;) — fa(ef)|| <e.

X 20 . X
r\ V
f1
E

In the Banach space setting, the embeddings are linear embeddings and
the class of finitely generated spaces are finite dimensional spaces. In the
lattice setting, the appropriate maps are isometric lattice embeddings, and
one can either choose finite dimensional or finitely generated lattices.

The equimeasurability results described above can be used to show an
approximate ultrahomogeneity of L, ([0, 1]) over its finite dimensional linear
subspaces only so long as p ¢ 2N (see [10]). Conversely, the cases where
p € 2N are not AUH over finite dimensional linear subspaces, with coun-
terexamples showing linearly isometric spaces whose corresponding basis
elements are not equimeasurability. Alternate methods using continuous
Fraissé Theory have since then been used to give alternate proofs of linear
approximate ultrahomogeneity of L, for p ¢ 2N (see [7]) as well as lattice
homogeneity of L, for all 1 <p < oo (see [2], [7]).
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This paper is structured as follows: in section 2, we first establish basic
notation and give a characterization of finite dimensional BL,L, lattices.
This characterization is used in subsequent sections for establishing both
equimeasurability and ultrahomogeneity results later on.

In section 3 we show that when p # ¢, L,(Lq) := Lp(L,) is AUH over
the larger class of finite dimensional (and finitely generated) BL,L, spaces.
This is done by characterizing representations of BL,L, sublattices L, (L)
in such a way that induces automorphisms over L,(L,) making the ho-
mogeneity diagram commute. The results here play a role in subsequent
sections as well.

In section 4, we prove that if in addition p/q ¢ N, L,(L,) is also AUH
over the class of its finitely generated sublattices. First, we determine the
isometric structure of finite dimensional sublattices of L,(L,) lattices by
giving an alternate proof of [7, Proposition 3.2] showing that two sublat-
tices £ and F' of L,(L,), with the e;’s and f;’s each forming the basis of
atoms, are lattice isometric iff (Nlej],..., N[e,]) and (N[f1),..., N[fn]) are
equimeasurable. The equimeasurability result allows us to reduce a homo-
geneity diagram involving a finite dimensional sublattice of L,(L4) to one
with a finite dimensional BL,L, lattice, from which, in combination with
the results in section 3, the main result follows.

Section 5 considers the case of p/q € N. Here, we provide a counterexam-
ple to equimeasurability in the case that p/q € N and use this counterexam-
ple to show that in such cases, L,(L,) is not AUH over the class of its finite
dimensional lattices.

2. PRELIMINARIES

We begin with some basic notation and definitions. Given a measurable
set A C R", we let 14 refer to the characteristic function over A. For a
lattice X, let B(X) be the unit ball, and S(X) be the unit sphere.

For elements e, ..., e, in some lattice X, use bracket notation < ey, ...,e, >,
to refer to the Banach lattice generated by the elements eq,...,e,. In ad-
dition, we write < ey, ...,e, > without the L subscript to denote that the
generating elements e; are also mutually disjoint positive elements in the
unit sphere. Throughout, we will also use boldface notation to designate a
finite sequence of elements: for instance, for z1,...,z, € R or x1,...,x, € X
for some lattice x, let x = (x1,...,x,). Use the same notation to de-
note a sequence of functions over corresponding elements: for example, let
(fl) 7fn) = f7 or (fl(xl)y fn(mn)) = f(X)’ or (f(xl)a af(fEn)) = f(X)

Finally, for any element e or tuple e of elements in some lattice X, let 3(e)
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and (3(e) be the band generated by e and e in X, respectively.

Recall that Bochner integrable functions are the norm limits of simple
functions f: Q — Ly(), with f(w) = > 7 714,(w)1lp,, where 14, and 1p,
are the characteristic functions for A; € ¥ and B; € ', respectively. One
can also consider f € L,(Q; Ly(€Y)) as a ¥ ® ¥'-measurable function such
that

1= ([ 1 dw)l/p— ([ ([ 15 dwf>”/" dw)”’

Unlike the more familiar L,, lattices, the class of abstract L, L, lattices is
not itself axiomatizable; however, the slightly more general class BL,L, of
bands in L,(L,) lattices is axiomatizable. Additionally, if X is a separable
BL, L, lattice, it is lattice isometric to a lattice of the form

(B L) 2 Loty

o D 110 o)

Dp Lp(Qixﬁ Lq(O, 1) Dq éq)-

BL, L, lattices may also contain what are called base disjoint elements. x
and y are base disjoint if N[z] L N[y]. Based on this, we call = a base atom
if whenever 0 < y, z < x with y and z base disjoint, then either N[y|] = 0 or
N[z] = 0. Observe this implies that N[z] is an atom in L,. Alternatively,
we call z a fiber atom if any disjoint 0 < y,z < x are also base disjoint.
Finally, we say that X is doubly atomless if it contains neither base atoms
nor fiber atoms.

Another representation of BL,L, involves its finite dimensional subspaces.
We say that X is an (£,L4) lattice, with A > 1 if for all disjoint z1, ..., x,, €
X and € > 0, there is a finite dimensional F' of X that is (1 + &)-isometric
to a finite dimensional BL,L, space containing z/, ..., ,, such that for each
1 <i<mn, |z; — || <e. Henson and Raynaud proved that in fact, any
lattice X is a BL,L, space iff X is (£,L£4)1 (see [6]). This equivalence can
be used to show the following:

Proposition 2.1. (Henson, Raynaud) If X is a separable BL,L, lattice,
then it is the inductive limit of finite dimensional BL,L, lattices.

The latter statement is not explicitly in the statement of Lemma 3.5 in
[6], but the proof showing that any BL,L, lattice is (£,L£4)1 was demon-
strated by proving the statement itself.
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Throughout this paper, we refer to this class of finite dimensional BL,L,
lattices as BKCp, 4. Observe that if £ € BKC, 4, then it is of the form Gép(%”i){v
where for 1 <k < N, the atoms e(1,1), ..., e(k, my) generate (7.

Proposition 2.2. Let E be a BK, , sublattice of Ly(Lq) with atoms e(k, j)
as described above. Then the following are true:

(1) There exist disjoint measurable A(k) C [0,1] such that for all i,
supp(e(k, j)) € A(k) x [0, 1],
(2) For all k and for all j,j', Nle(k,j)] = Nle(k,j")].
Conversely, if E is a finite dimensional sublattice of Ly(Ly) satisfying prop-
erties (1) and (2), then E is in BK,, 4.

In order to prove this theorem, we first need the following lemmas:

Lemma 2.3. Let 0 < r < oo, with r # 1. suppose x1,...,x, € L.+ are such
that

n
1> zally =D lawlly
1

Then the x;’s are mutually disjoint.

Proof. If r < 1, then

(1) / 2it) + ay(8) dt = [laill} + llag | = / (wit) + (1) dt

Now observe that for all ¢, (z;(t) +x;(t))" < x;(t)" +x;(t)", with equality iff
either z;(t) = 0 or z;(t) = 0, so (z; + ;)" — z{ —x; € L1+. Combined with
the above equality in line (1), since |[(z; + x;)" — 2] — 2%[|1 = 0, it follows
that z;(¢t)" + x;(t)" = (zi(t) + x;(t))" a.e., so z; must be disjoint from z;
when 7 # j.

If r > 1, proceed as in the proof for r < 1, but with the inequalities
reversed, given that in this instance x;(t)" + z;(t)" < (xi(t) + x;(¢))" for all
t.

O

Remark 2.4. The above implies that a BL,L, lattice X is base atomless
if it contains no bands lattice isometric to some L, or L, space. Indeed,
if there were a base atom e, then any two 0 < x L y < e would have to
have N-norms multiple to each other, so < x,y > is lattice isometric to 63.
Resultantly, the band generated by e is an L, space. Similarly, if e is a fiber
atom, then any 0 < z 1 y < e is also base disjoint, which implies that the
band generated by e is an L, space.

We now conclude with the proof of Proposition 2.2:
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Proof of Proposition 2.2. Observe that for each appropriate pair (k, j),

(| et ) as) el Dl =1

For notational ease, let E(k,j) = Ne(k, j)]. Pick ji, ..., jn with each jj <
mg. Then, by disjointness of the e(k, j)’s, for all (ag)r > 0 and all z =
Zk ake(kvjk)v

12 anelho gl = (/01 (gaim,jk)(s))p/q ) "
- H > alE(k, ji)

Now since the e(k, ji)’s are isometric to £,
/q
H DB || =3 =3 = 3 etk o)l
q 1 k k

Since the E(k, ji)’s are all positive and p # ¢, by Lemma 2.3, the E(k, ji)’s
are disjoint, that is, the e(k, ji)'s are base disjoint.

p/q

P

P

For 1 <k < N, let A(1),..., A(n) be mutually disjoint measurable sets
each supporting each E(k, j) for 1 < j < ng. Then each e(k, j) is supported
by A(k) x [0,1]. Now we prove (2). Fix k, Then using similar computations
as above, and since the e(k, j)’s for fixed k generate £;':

1> aje(k, )| = ’ > aiE(k,j) W doai = afl Bk i)y
j j pla j

By Minkowski’s inequality, as p # ¢, equality occurs only when E(k, j)(s) =
E(k,j")(s) a.e. for all 1 < j, 5" < n,.

To show the converse, it is enough to give the computation:

I ;a(k,j)e(kz,ﬁ’ B </01 [/ <;a(/€,j)e(k,j)(s7t)>q dtr/q d5> 1/p
- <Zk:/01 [i la(k, 7)] E(k,j)(s)]p/q ds> 1/p
=
_ (; [:;’“1 \a(k:,j)IQ] p/a /01 Bk 17405 ds) 1/p
(
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O

The following results will allow us to reduce homogeneity diagrams to
those in which the atoms e(k,j) of some E € BK,, are mapped by both
embeddings to characteristic functions of measurable A(k,j) C [0,1]?. In
fact, we can further simplify such diagrams to cases where F is generated by
such e(k, j)’s which additionally are base-simple, i.e., Ne(k,j)] is a simple
function.

Proposition 2.5. Let1 <p# g < oo andlete € S(Ly(Ly))+ be an element
with full support over [0,1]%. Then there exists a lattice automorphism ¢
from Ly(Lg) to itself such that (1) = e. Furthermore, ¢ can be constructed
to bijectively map both simple functions to simple functions and base-simple
functions to base-simple functions.

Proof. The proof is an expansion of the technique used in Lemma 3.3 from
[5]. Given a function g(y) € Lq_, define g(y)q by g(y)q = = [J 9(t)? dt, and
for notation, use e;(y) = e(z,y). Since e has full support, we may assume
that for all 0 <z <1, Nle|(z) > 0. From there, Define ¢ by

7)) = £ (Nl o Yela

e > 0 and the rest of the function definition is a composition, so ¢ is a
lattice homomorphism. To show it is also an isometry, simply compute the
norm, using substitution in the appropriate places:

lo(F)IP = / 1 / 1 f(NTe]( I ) el dy

p/q
NPle](z) dx

p/q
dx

)1 dy

- / N[f](zﬂékxmpzvp[e](x) dz

- / NP[f](x) de = [ ]

To show surjectivity, let B C [0,1]? be a measurable set. Note that any
=(Y)q

(2',9') € [0,1]? can be expressed as (]V[g]( x)p, Nq[e](x)) for some z,y, since

Nle](z), is an increasing continuous function from 0 to 1, while é,(y), is
continuously increasing from 0 to NY[e|(x). Thus there exists B’ such that
¢(1p/) = 1p - e, implying that ¢’s image is dense in the band generated by
B(e) = Ly(Lg) since e has full support. Therefore, ¢ is also surjective.

Finally, ¢ consists of function composition into f multiplied by e, so if e
and f are simple, then it has a finite image, so if f is simple, then the prod-
uct is also simple, ¢ maps simple functions to simple functions, Conversely,
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if ¢(f) is simple, then ¢(f)/e is also simple. Thus f(N[e](x)p, f;[f(jﬁ)x")) has

a finite image. It follows that f itself has a finite image.

Using similar reasoning, if Ne] is simple, then whenever N|f] is simple,
N[¢(f)] must also be simple, and likewise the converse is true, since by the

computation above, N[¢(f)](x) = N[f](](f\[g] (x)p) - Nle](z). O

3. APPROXIMATE ULTRAHOMOGENEITY OF Ly(L,) OVER BL,L, SPACES

In this section, we show that for any 1 < p # ¢ < o0, L,(Lg) is AUH over
BIC, 4.

Let f := (f1,..., fn) and g := (g1, ..., gn) be sequences of measurable func-
tions and let A be a measure in R. Then we say that f and g are equimea-
surable if for all A-measurable B C R,

At :f(t)e B)=\t:g(t) € B)
We also say that functions f and g in L,(L,) are base-equimeasurable if
N(f) and N(g) are equimeasurable.

Lusky’s main proof in [10] of linear approximate ultrahomogeneity in
L,(0,1) for p # 4,6,8, ... hinges on the equimeasurability of generating el-
ements for two copies of some F =< ey,...,e, > in L, containing 1. But
when p = 4,6,8, ..., there exist finite dimensional E such that two linearly
isometric copies of F in L, do not have equimeasurable corresponding basis
elements. However, if homogeneity properties are limited to F with mutu-
ally disjoint basis elements, then E is linearly isometric to £}, and for all
1 < p < oo, Ly is AUH over all £} spaces. Note that here, an equimea-
surability principle (albeit a trivial one) also applies: Any two copies of
by =< e1,...,en > into Ly(0,1) with >, e = n'/P . 1 have (trivially)
equimeasurable corresponding basis elements to each other as well.

In the L,(L,) setting, similar results arise, except rather than comparing
corresponding basis elements f;(e1), ..., fi(en) of isometric copies f;(F) of
E, equimeasurability results hold in the L,-norms N{f;(e;)] under similar
conditions, with finite dimensional BL;,L, lattices taking on a role like £7
does in L, spaces.

The following shows that equimeasurability plays a strong role in the
approximate ultrahomogeneity of L, (L,) by showing that any automorphism
fixing 1 preserves base-equimeasurability for characteristic functions:

Proposition 3.1. Suppose p # q, and let T : L,(Lq) be a lattice auto-
morphism with T'(1) = 1. Then there exists a function ¢ € Ly(Ly) and a
measure preserving transformation ¢ over Ly, such that for a.e. x € [0,1],
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o(x,-) is also a measure preserving transformation inducing an isometry
over Lg, and for all f,

Furthermore, for all measurable By, ..., B, C [0,1]% with 1p, ’s mutually dis-
joint, (1p,,...,1p,) and (T'lp,,...,T1p,) are base-equimeasurable.

Proof. By the main result in [13], there exists a strongly measurable function
¢ : [0,1] — B(Lg), a set isomorphism ¥ over L, (see [13] for a definition
on set isomorphisms), and some e(z) € L, related to the radon-Nikodym
derivative of ¥ such that

Tf(x)(y) = () (e(x)¥ f(2))(y),

and for a.e. , ®(x) is a linear isometry over L,. Observe first that 7" sends
any characteristic function 1 4o 1] € Ly(Lg) constant over y to characteristic
function 1y(4)x[o,1] for some ¥(A) C [0,1], so since 144(0,1] € Lp(Lg) is
constant over y, we can just refer to it as 14. Also, since T is a lattice
isometry, u(A) = u(y(A)), so ¢ is measure preserving. Finally, observe
that N[14] = 14. Thus, for any simple function g := > ¢;14, € Lp(Lg)+
constant over y with the A;’s mutually disjoint, we have N[g] = g, and
Tg =g'. Then for all x,

Nlg'[(z) = N[Tg](z) = N[®(z)(eg)](z) = e(z)N[®()(¢)][z] = |e(z)|N]g'](z)

It follows that |e(x)] = 1. We can thus adjust ® by multiplying by —1
where e(x) = —1. Note also that ® acts as a lattice isometry over L, when
restricted to elements constant over y, so by Banach’s theorem in [1], the
map P f(x) can be interpreted as ®(x)( f(¢(x)) ), where 1) is a measure pre-
serving transformation over [0, 1] inducing ¥. By Banach’s theorem again for
®(x), this ® can be interpreted by ®f(z,y) = ¢/(x,y) f(¥(x), d(z,y)), with
¢(x,-) a measure preserving transformation for a.e. x. But since T1 = 1,
this €/(x,y) = 1 as well.

It remains to prove equimeasurability. Let 1g = (1p,,...,1p, ), and ob-
serve that since for a.e. z, ¢(x,-) is a measure preserving transformation
inducing a lattice isometry over Lg, it follows that

N1p](z) = p(y : (z,y) € Bi) = u(y : (z,¢(x,y)) € By),
While
NT1g](x) = ply - (V(2), ¢(z,y)) € Bi)
=y : (Y(x),y) € Bi) = N 1p,](¢(z)).
Thus for each A = [], A; with A; C

measure preserving transformation,
plz = (N1B](z) € A) = p(x : (N[1B](¢(2)) € A) = p(z : (N[T18](z) € A),

and we are done.

[0, 1] measurable, since ) is also a
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O

The following theorem describes a comparable equimeasurability property
of certain copies of L,L, in Ly(Ly) for any 1 < p # g < oc:

Theorem 3.2. Let 1 < p # q < oo, and suppose that f; : E — Ly(Lg) are
lattice embeddings with E € BIC), 4 generated by a (k,j)-indexed collection
of atoms e := (e(k,j))r; with 1 <k <n and 1 < j < my, as described in
Proposition 2.2. Suppose also that f(3 . ;e(k,7)) = 1-[|> e(k,j)|. Then
(f1(e)) and (f2(e)) are base-equimeasurable.

Proof. Let n = || 3, ; e(k,j)||, and note first that each %fi(e(k:,j)) is of the

form 1 4, ;) for some measurable A;(k, j) C [0, 1]2. Second, N1, 6,5](5) =

w(Ai(k,7)(s)) with A;(k,7)(s) C [0,1] measurable for a.e. s, so by Propo-

sition 2.2, for each fixed k and each j, 5", u(A;(k,5)(s)) = p(Ai(k,j)(s)) =

m%clAi(k)(S) with 4;(1), ..., 4i(n) C [0, 1] almost disjoint. It follows that for
1 p

each appropriate k, j, % = (A (k)P so p(Ai(k)) = (Tng/q> .

1/q
my,

To show equimeasurability, observe that for a.e. ¢, we have N9[1 4, ,(s) =
mik iff s € A;(k), and 0 otherwise. Let B C [][,R™* be a measurable

set. Note then that any (k, j)-indexed sequence (N[fi(e)](s)) is of the form
1/q
cl e [T, R™ with ci(k,j) = ( = for some unique k, and ci(k,j) = 0

mp

otherwise. It follows then that for some I C 1,...,n,

plssci e B) = Y p(Aik) = 3 (m;/q)_

kel wer N
Since the above holds independent of our choice of i, we are done.

O

Remark 3.3. The above proof shows much more than base-equimeasurability
for copies of BIC) 4 lattices in L, (Ly). Indeed, if 1 € E =< (e(k, j)),; > with
E € B, 4, then each atom is in fact base-simple, and )  e(k, j) = n-1 where

n= mi/q)l/p. Furthermore, there exist measurable sets A(1), ..., A(n)

p/q
partitioning [0, 1] with u(A(k)) = nz;“p such that Nle(k,j)] = —Fz1aw)-
m

Based on this, we can come up with a ”canonical” representation of E, with
e(k,j) = n- 1w, xv, ,, where

k—1 k j 1 j
Wi = [ u(A0). S u(AW)]. and Vi, = [ }
=1 =1

my | my
This canonical representation will become relevant in later results.

Having characterized representations of lattice in BKC, ,, we now move
towards proving the AUH result. Before the final proof, we use the following
perturbation lemma.
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Lemma 3.4. Let f : E — L,(L,) be a lattice embedding of a lattice E =<
e1,....,en >. Then for all € > 0, there exists an embedding g : E — L,(Ly)
such that g(E) fully supports Ly(Lq) and ||f — g| < €.

Proof. Let My, = supp(N|[f(ex)])\supp(N[f( nt er)]). For each ey, we
will construct e), disjoint from f(E) with support in M, x [0,1]. Let M’ be
the elements in [0, 1]? disjoint from f(E). Starting with n = 1, Observe that
M’ can be partitioned by M' N Mj, x [0,1] := M;. Let

NI (en)]()
W(M{ () a

When pu(M(x)) = 0, let ng(x,y) = 0 as well. Now, let ¢’ : E — L,(Ly)
be the lattice homomorphism induced by

g'(ex) = (1 —)"/Uf (ex) - Lag, + 1 + fler) - Larg.
First, we show that ¢’ is an embedding. Observe that for each k,

N[y () () = / i@, y) + (1) flen)(z.y) dy

i (w,y) = e Ly (2,y).

[N (en)](@) ;
/EM(M;/:Z?C)) Ay (z,y) + (1 =€) f(en) (2, y) dy

—eN[f(ex)](z) + (1 - ¢) / Flex) () dy

(ex)] () +
=eN[f(ex)](x) + (1 — e)N[f(ex)](x) = N[ (ex)](2).

It easily follows that ¢’(FE) is in fact isometric to f(E), and thus to E.
Furthermore, for every k,

1 (ek) = g/ (e | =ILag [(1 = (1 = £)V) fer) + el
<A (1-o)Y7) te.

The above can get arbitrarily small.

Now, if supp(N(>_ex)) = [0,1], let g = ¢’, and we are done. Other-
wise, let M = UM}, and observe that > ¢'(ey) fully supports L,(M; Ly).
Observe also that L,(Lg) = L,(M;Ly) ®p L,(M¢ L,;). However, both
Ly(M; Lg) and Ly(M® Lg) are lattice isometric to Lp(Lg) itself. So there
exists an isometric copy of E fully supporting L,(M¢; L,). Let €, ...,e], €
L,(M¢; Ly) be the corresponding basic atoms of this copy, and let g(e;) =
(1 —eP)/Pg'(e;) +¢€ - €. Then for z € E,

lg(@)|IP = (1 —e)llg' (@) 1P + ell=]” = [|=]|”.
Using similar reasoning as in the definition of ¢, one also gets ||g — ¢'|| <
(1—(1—¢)/P) + ¢, so g can also arbitrarily approximate f.
O
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Observe that the lemma above allows us to reduce the approximate ho-
mogeneity question down to cases where the copies of a B, , lattice fully
support Ly(L,). Combined with Proposition 2.5, we can further reduce the
possible scenarios to cases where for each i, fj(z) = 1 for some = € E. It
turns out these reductions are sufficient for constructing a lattice automor-
phism that makes the homogeneity diagram commute as desired:

Theorem 3.5. Suppose 1 < p # q < oo, and for i = 1,2, let f; : E —
Ly(Lg) be a lattice embedding with E =< (e(k,j))k; >€ BKpq and 1 <
kE<nandl <j <my. Suppose also that each fi(E) fully supports L,(Ly).
Then there exists a lattice automorphism ¢ over L,(Lg) such that ¢o fi = fo.

Proof. Let n = ||, ;e(k,j)|; by Proposition 2.5, we can assume that
for both i’s, we have fi(3>_; ;e(k,j)) = n-1. For notation’s sake, let
ei(k,j) := fi(e(k,j)). By Proposition 2.2, for each i there exist mutually
disjoint sets A;(1), ..., A;(n) partitioning [0, 1] such that for each 1 < j < my,
supp(Nlei(k,5)]) = Ai(k). In addition, for the sets A;(k,1),..., Ai(k, my),
where A;(k, j) := supp(e;(k, 7)), partition A;(k) x [0,1]. It follows also from
the statements in Remark 3.3 that u(Ai(k)) = u(A2(k)) for each k and

Nlei(k, (@) = 71,0 (@).

To prove the theorem, it is enough to generate lattice automorphisms ¢
mapping each band B(e;(k,j)) to a corresponding band B(1w, xv; ;) where
Wi, and Vj ; are defined as in Remark 3.3, with 14,4 ;) = 1wy xv;, ;-

To this end, we make a modified version of the argument in [7, Proposition
2.6] and adopt the notation in Proposition 2.5: construct lattice isometries
W, from Ly(Ai(K)); Le(Vi.5)) to Blej, ;) with

(N 0) = 1 (2 T 0o+ Lo o)

By similar reasoning as in the proof of Proposition 2.5, 1/}}; jisa lattice em-

bedding. Surjectivity follows as well. Indeed, since N9[1 4, j)](7) = for

- ) my?
a.e. © € A;(k) the function (1Ai(k7j))x(y)q + % matches [0, 1] continuously
to Vi ; with supp(e;(k, j)(z,-)) mapped a.e. surjectively to Vj ;. So 1/12]-’8

image is dense in B(e;(k, j)).

Observe that w}; ; also preserves the random norm N along the base (that
is: N[f] = N[wzﬁ(f)} Resultantly, the function i := @jw;‘,k mapping
L,(Ai(k),L4(0,1)) to ®;8(ei(k, 7)) is also a lattice automorphism. Indeed,
for f=>1"" f; with f; € B(ei(k, j)), one gets
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Ik = |V v

:H(ZN‘J[fj])”q szw[Zm

Now let ' = @i, and observe that given f = > fi, with fi € L,(A4i(k), Ly(0,1)),
since the fi.’s are base disjoint, we have

||~

p

= [I£1l
p

I FIP =D kel = D IIFll” = ILFIP.
1 1

Thus ¢° is a lattice automorphism over L,(L,) mapping each 1 Ai(k)x Vi

Use [5, Lemma 3.3] to construct a lattice isometry p; : L, — L, such that
for each k, pi(1w,) = 14,x)- By [!, Ch. 11 Theorem 5.1] this isometry is
induced by a measure preserving transformation p; from [0,1] to itself such
that p'(f)(z) = f(pi(z)). It is easy to show that p; induces a lattice isometry
with f(x,y) — f(pi(z),y). In particular, we have N|p;f](z) = N[f](pi(z))
sand piLwxvy,) = Lagiyxvs,» 00w let ¢i(f) = (4% 0 p')(f), and we are
done.

O

Using the above, we can now show:

Theorem 3.6. For 1 < p # q < oo, the lattice L,(Ly) ts AUH for the class
BIC, 4.

Proof. Let f; : E — Ly(Lg) as required, and suppose € > 0. use Lemma 3.4
to get copies E; of f;(E) fully supporting L,(L4) such that for each atom
er € E and corresponding atoms e}, € E!, we have | f;(ex) — e} < £/2. now
use Theorem 3.5 to generate a lattice automorphism ¢ from Ly (L) to itself
such that ¢(e}) = ef. Then

lo(f1(en)) = falex) | < llo(filen) = ex)ll + llei — faler)]| <&
O

Remark 3.7. Observe that the doubly atomless L,(L,) space is unique
among separable BL,L, spaces that are AUH over BK,,. Indeed, this
follows from the fact that such a space must be doubly atomless to begin
with: let £ be a one dimensional space generated by atom e and suppose X
is not doubly atomless. Suppose also that E is embedded by some f; into
a part of X supported by some L, or L, band, and on the other hand is
embedded by some fy into F' := Ef,(ﬁg) with fa(e) a unit in F. Then one
cannot almost extend f; to some lattice embedding ¢ : ' — X with almost
commutativity.
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One can also expand this approximate ultrahomogeneity to separable
sublattices with a weaker condition of almost commutativity in the dia-
gram for generating elements: for any BL,L, sublattice £ generated by
elements < ey, ...,e, >r, for any € > 0, and for all lattice embedding pairs
fi + E — Ly(Lg), there exists a lattice automorphism g : L,(Ly) — Ly(Lyg)
such that for all j =1,...,n, [|g(f2(e;)) — fi(e;)| <e.

Theorem 3.8. For all 1 < p # q < oo, The lattice L,(Lq) is AUH for the
class of finitely generated BL,L, lattices.

Proof. Let E =< ey,...ep, >, and let f; : E — L,(L,) be lattice embed-
dings. We can assume that ||eg|| < 1 for each 1 < ¢ < n. By Proposition 2.1,
E is the inductive limit of lattices in BK, 4. Given € > 0, pick a B, , lat-
tice B/ =< ¢€/,...,e}, >C E such that for each ey, there is some z; € B(E’)

such that ||z — ex|| < 5. Each fi|g/ is an embedding into L,(L,), so pick
an automorphism ¢ over L,(Ly) such that |[¢ o fi|g — fo|e|| < §. Then

@ f1(er) = faler)ll < @ f1(ex—zp)l|+ |0 f1(zk) = fo(zp) |+ || f2(zk —er)|| <e.
O

We can also expand homogeneity to include not just lattice embeddings
but also disjointness preserving linear isometries, that is, if embeddings
fi + E — Ly(Ly) are not necessarily lattice homomorphisms but preserve
disjointness, then there exists a disjointness preserving linear automorphism
¢ over L,(Lg) satisfying almost commutativity:

Corollary 3.9. L,(L,) is AUH over finitely generated sublattices in BL,(L)
with disjointness preserving embeddings.

Proof. Use the argument in [5, Proposition 3.2] to show that L,(L,) is dis-
jointness preserving AUH over BK,,. From there, proceed as in the ar-
gument in Theorem 3.8 to extend homogeneity over BK,, to that over
BL,L,. O

4. APPROXIMATE ULTRAHOMOGENEITY OF Lj,(L,) WHEN p/q ¢ N

The above results largely focused approximate ultrahomogeneity over
BL,L, lattices. What can be said, however, of sublattices of L,L, spaces?
The answer to this question is split into two cases: first, the cases where
p/q ¢ N, and the second is when p/q € N. We address the first case in this
section. It turns out that if p/q ¢ N, then L,(L4) is AUH for the class of
its finitely generated sublattices. The argument involves certain equimea-
surability properties of copies of fixed finite dimensional lattices in Ly(Lg).
Throughout, we will refer to the class of sublattices of spaces in BK,, as
simply K, 4, and let K,, be the class of finitely generated sublattices of
Ly(Ly).
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The following result appeared as [7, Proposition 3.2], which is a multi-
dimensional version based on Raynaud’s proof for the case of n =1 (see [I 1,
lemma 18]). The approach taken here is a multi-dimensional version of the
proof of Lemma 2 in [3].

Theorem 4.1. Let r = p/q ¢ N, and suppose f; : E — L,(Lg) are lattice
isometric embeddings with E =< ey, ...,e, >. Suppose also that fi(x) =
fo(x) =1 for some x € E4. Then fi(e) and fa(e) are base-equimeasurable.

Throughout the proof, let 1 be a measure in some interval I" C C := R"}.
To this end, we first show the following:

Lemma 4.2. Suppose 0 < r ¢ N, and «, 8 are positive finite Borel measures
on C' such that for all v € C with vg > 0,

/ lvg + v - z|" da(z) :/ lvo + v - 2z|" dB(z) < .
C c
Then o = f.

Proof. It is equivalent to prove that the signed measure v := a— = 0. First,
observe that since |v| < a+ 3, and for any v > 0, [ |vg+v-z|" d|v|(z) < occ.

Now, we show by induction on polynomial degree that for all k € N,
v > 0, and for all multivariate polynomials P(z) of degree k' < k,

*/ lvo + v - 2" *P(z) dv(z) = 0.
C

This is true for the base case £k = 0 by assumption. Now assume it is
true for k € N and let k¥’ := > 1; < k with 1 € N”. For notational ease, let
z! = zil...zﬁgl. Then for each v; and 0 <t < 1,

. \r—k _ . r—k
/ Zl(v0+v z + z;t) (vo+ Vv -2) dv(z) = 0.
R

n t
+
Now, if k+1 <rand t € (0,1), then

! (vo+v-z+2t)F—(vg+v-z)F

" <zzi(r—k)(vo+v-z+uv)F!

r—k

IN

TW(UO‘FV'Z"_’UZ‘)T

Since in this case, 0 < 7 —k —1 < r and |v| < oo, the right hand side
must also be |v|-integrable. On the other hand, If £ + 1 > r, then we have

] (vo+v-z+uvt) *F—(vg+v-z)F v

t

which is also |v|-integrable. So now we apply Lebesgue’s differentiation
theorem over v; to get, for any k£ € N and for each 1 <14 < n:

<|r—k
Ir=klT,



APPROXIMATE ULTRAHOMOGENEITY IN L,L, LATTICES 17

/ 2 2ivg + v - 2|" " du(z) =0,
C

since ¢ N. A similar argument, deriving over vy, can be made to show
that

/ lvo+v -z " dy(z) =0
C
One can make linear combinations of the above, which implies line .

Now for fixed v > 0, vg > 0 we define a measure A on C, where for
measurable B C R"},

A(B) = / lvo + v - z|" dv(z).
¢~1(B)

where ¢(z) = J:V.Zz. It is sufficient to show that A = 0. Observe first
that ¢ is continuous and injective; indeed, if ¢(z) = ¢(w), then it can be
shown that v.-w = v-z. Thus —%—- = —Z implying that w = z.

vo+v-z vo+v-z’
Resultantly, ¢(B) for any Borel B is also Borel, hence we will have shown

that for any such B, v(B) =0 as well, so v = 0.

Observe that by choice of v > 0 and and since (vg + v -z) > 0 for all
z € R”, have

mwa—/ lvo + v - 2I" d|v|(z).
¢~ 1(B)

Using simple functions and the definition of A, one can show both that
for each i, we have

wo (k)= [ b dalown) = [ vyl dlvi() < o

and also that
/ wk dA(w) = / lvo + v - 2" F2F du(z) = 0,
C C
More generally, if kK = )", l;, then

/ w! dA(w) = / zvo +v -z dv(z) =0,
C C

So it follows that [, P(w) dA(w) = 0 for all polynomials P(w).
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Now if k > r and v # 0, since v; > 0, we then we have
mi(h) = [ oo+ v 2 ek dl (o)
c

< [ oot veal ot divfe) < 7 AIC) < o0
C
SO
mi(k)~ 1/2k 1/2|A\( C)- 1/2k

Thus for each 1 < i < n, 3, mi(k)""/?* = 0. So by [4, Theorem
5.2], |A| is the unique positive measure over C' with moment values m; (k).
Slnce ]A\ + A yields the same values, and by **, [ P(w) d(|A] + A)(w) =
Jo P(w) d|A|(w), it follows that A =0, so v = ()
(]

Now we are ready to prove Theorem 4.1.

Proof. For simplicity of notation, let F]’ = NYfi(e;)] and I = [0,1]. By
definition of N, the support of F; as well as of u is the unit interval. Define
positive measures o; by

ai(B) = u({t € T Fi(t) € BY) = p((F)~\(B)).

Now, for any measurable B C C, we have

/ 15(2) das(z) = ai(B) = p((F)~1(B)) = / (15 0 F)(1) dt
C

I

so for any simple function o over C,

/Ca(z) doy; :/OlooFi(t) dt

Using simple functions to approximate |vgp+v-z|", and given that [vg+v-z|”
is in Ly (C, ) and the support of u is the unit interval, it follows that

1
/|1+v.z\’“ dai(z):/ 11+ v-Fit)|" dt.
C 0

It is sufficient now to show that for all v € R},

1 1
/\1+v-F1(t)|7"dt:/ |1+ v -F2(t)|" dt.
0 0

For i,j and s € [0,1], let sz = {(s,t) : (s,t) € supp(fi(ej))}, and let
Mj(s) = {t : (s,t) € M]}. By assumption, x = 3, xje; with 2; > 0, so
1= Nfi(z)] =3, ngJZ Therefore, since each f; is an embedding, for all
ceR"Y,
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p

I cheij :‘ ‘ ( Zc;!FJ?(S))l/q
J J

[ S -
:

p

Let v; := c?- — :E;I-: then in particular it follows that for all v > 0, we have

/01 <1 +v- Fl(s)>p/q ds = /01 (1 +V-F2(s)>p/q ds.

By Lemma 4.2, we can conclude that oy = as, so F! and F? are equimea-
surable. O

Using Theorem 4.1, we can uniquely characterize lattices in KCp 4 in a way
that parallels Proposition 2.2.

Theorem 4.3. Suppose that p/q ¢ N, and let E C L,(Ly) with E =<
€1,...,em >. Then the following hold:

o £ € K, 4 iff there exist mutually disjoint measurable functions ¢(k, j) €
S(Lp(Lg))+, with1 < j <mn and 1 < k < L such that for each j,
€j €< (¢(k7]))k >= [37 and < (Qs(k’]))k,] >€ BK:PvQ'

o Suppose fi : E — Ly(Ly) ts a lattice embedding with i = 1,2 and
E € Kpq. Then there exist embeddings f] : E' — L,(L,) extending
fi such that E' € BIC, ;.

L Lp(Lg)

p(Lq)
BN A
\f 1 f3 /
N S
fi E' fa
\ 9 /
i
E
Proof. For part 1, clearly the reverse direction is true. To prove the main
direction, we can suppose that E fully supports L,(L4). If not, recall that
the band generated by F is itself doubly atomless, and hence is lattice iso-
metric to Ly,(L,) itself. Thus, if under these conditions, there is a BL,L,

sublattices extending E as in the statement of the theorem, it will also be
the case in general.

By Proposition 2.5, we can also suppose that Zj ej = n-1. Now by
assumption, since F € K, 4, then there is an embedding ¢ : F — Ee B, 4
such that each ¢(e;) = >, x(k,j)é(k,j), with 1 < k < m). Without loss
of generality we may also drop any é(k, j)’s disjoint from ¢ (FE) and assume
that ¢ (E) fully supports E. Now E is a BICp, 4 lattice admitting a canonical
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representation in L,(L,) as described in Theorem 3.2 and Remark 3.3.

So we can assume that ¢ embeds E into L,(L,) in such a way that ¢(E)
fully supports it and each 1)(e;) is both simple and base-simple. Now, use
Proposition 2.5 to adjust 1 into an automorphism over L,(L,) such that
(> ej) =n-1in a way that preserves both simplicity and base-simplicity.
By Theorem 4.1, ¢)(e) and e are base-equimeasurable. Since the ¥(k,j)'s
are base-simple, there exist tuples s?, ..., s € R™ such that for a.e. t € [0, 1],
there is some k < L such that N[e|(t) = s¥. By equimeasurability, the same
is true for N[y (e)](t).

Let Sk = {t : Nle|(t) = s*}, and let Sf = S¥ x [0,1] N supp(e;). Let
sk = {t : N[¥(e)](t) = sk} with gf defined similarly. Note that each 1gs
J

is also base-characteristic, as N[1gk] = c;?lsk for some c? > 0, so for fixed

k and for any j,j' < my, we must have that N[1gk] and N[1gk | are scalar
J i

multiples of each other. Thus for each appropriate pair (k,j) with sé‘? > 0,

1gk

define ¢(k, j) by m By definition of SK, for any k # k' and any appropri-
ST
J

ate 7,7, ¢(k,j) and ¢(k',j") are fiber-disjoint, and N[o(k, j)] = N[o(k,7')].

Thus by Proposition 2.2, < (¢(k,j))k; >€ BKp4.

To prove part 2, Observe first that we have already essentially proven part
2 in the case that f; = Id and fo = ¥. To show the general case, we first
assume that for each i, ) fi(e;) maps to 1. Now, by Theorem 4.1, fi(e)
and fo(e) are also base-equimeasurable, but by the procedure for part 1, we
also know that each fj(e;) is also base-simple. Define s, ..., s as above, and
Let SX(3) = {t : N[f;(e)](t) = s*}. Define similarly S]k(z) and the associated
characteristic functions ¢;(k, j) for appropriate pairs k, j such that 1 < k <1
and s;“' = ||¢i(k, j) A fi(ej)]| > 0. Note first that

file)y = > shoilk,j).

k:s(7)>0

Second, observe that by equimeasurability, the eligible pairs (k,j) are the
same for i = 1,2. Let E] =< (¢i(k,j))r; >. Clearly E] € BK,,, and
since the eligible pairs (k, j) are the same, E] and F) are isometric to each
other. Let E’ be one of the E!’s and let f] : E' — L,(L,) be the expected
embedding mapping E’ to E!, and we are done. O

From here, we can now easily extend Theorem 3.5 to lattices in Cp, 4:

Corollary 4.4. Suppose p/q ¢ N and suppose f; : E — L,(L,) are lattice
embeddings from E € K, with fi(E) fully supporting L,(Lg). Then there
exists a lattice automorphism ¢ over Ly(Lg) such that fo = ¢ o fi.
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Proof. Use Theorem 4.3 to generate a BK, , lattice E’ containing E and
lattice embeddings f! : E' — L,(L,) such that f/|g = f;. Clearly each f!(E’)
fully supports L,(L,). Now apply Theorem 3.5 to generate an automorphism
¢ over L,(Ly) with ¢o fj = fi. Clearly ¢ o f1 = fo as well.

O

When p/q ¢ N, using Theorem 4.3, we can show that the same holds with
the more general class Kp, ;. However, we can make an even stronger claim
by showing that homogeneity holds for any finite dimensional sublattice of
L,(Lg). This is done using the following result, which gives a standard way
of approximating finite dimensional sublattices of L,(L,) with lattices in

Icp7q'

Lemma 4.5. Suppose p/q ¢ N, and let f; : E — L,(L,) be embeddings
with £ =< e1,...,e, >. Then for all € > 0, there exists a Kp 4 lattice
E' =< €,....e}, > and embeddings g; : E' — L,(Ly) such g;(E") fully

supports Ly(Lq) and for each n, || fi(en) — gi(e;,)| < €.

Proof. We can assume each f;(E) fully supports L,(L,): given € > 0, use
Lemma 3.4 to get copies of E sufficiently close to each f;(E) with full sup-
port. We then also assume that f;(3 ] ex) = 1 using Proposition 2.5.

By Theorem 4.1, fi(e) and fa(e) are base-equimeasurable. In particu-
lar, given any measurable C' € R”, one has u(t : N[fi(e)](t) € C) = u(t
N|[f2(e)](t) € C). Now pick an almost disjoint partition Ci, ..., Cp, of S(€}),
where each Cj is closed, has relatively non-empty interior, and is of diameter
less than . Let Dj = {t : N[fi(e)|(t) € C;\ U;"" Cj}. Then by equimea-
surability, u(D}) = u(D?). For each k, pick some sk = (s, ..., sF) € Cy, and
for each x € D};, let

sk

€z, y) = i files) (@, ).
! N{fi(ej)l(z)™
Observe that || Zjéé —>_; filej)| <e, and N[Eé](x) = s;? for x € Di.
Consider now the lattice £/ =< E}, ...,€. >. Now, for any linear combi-
nation ) ajéé, we have, as in the argument in Proposition 2.5, that

M
1Y aigllP =3 (asy)t)P/
ko

implying that || > ajéjl- l=1> ajEJZH. It follows both that E’ embeds into
EIJJW(E?), implying that it is a ICpq lattice and it is isometric to the lattice
generated by the E?’s. Let e = e , and define g; : B/ — Ly(L,) as the
maps generated by gi(e;-) = €; Clearly these are lattice embeddings and
1fi(ej) — gi(e)]l <e.

O
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Theorem 4.6. For all 1 < p,q < oo with p/q ¢ N, the lattice Ly(Lg,) is
AUH for the class of finite dimensional sublattices of L,L, lattices.

Proof. 1t is sufficient to show that the result is true over generation by basic
atoms. Let f; : E — L,(L4) be two embeddings with £ =< ey, ...,e, >.
Use Lemma 4.5 to find g; : E' — L,(L,), with E' :=< ¢€,...,el, >€ K, 4,
lgi(el,) — filexr)|| < /2, and each g;(E’) fully supporting L,(L,). Then by
Lemma 4.4, there exists an automorphism ¢ : L,(Ly) — Lp(Lg) such that
¢ o g1 = gz. Note then that [|¢(fi(er)) — fa(er)| < [@(f1(ex) — g1(ep))ll +
1f2(ex) — g2(€p)|| <e. O

In a manner similar to that of Theorem 3.8, we can also extend the AUH
property to finitely generated sublattices of L,(L,) as well:

Theorem 4.7. For all 1 < p,q < oo with p/q ¢ N, The lattice L,(Ly) is
AUH for the class ICp 4 of its finitely generated lattices.

Proof. Suppose E C Ly(Ly) is finitely generated. Then since E is order con-
tinuous and separable, it is the inductive limit of finite dimensional lattices
as well, so pick a finite dimensional £’ with elements sufficiently approxi-
mating the generating elements of F, and proceed with the same proof as
in Theorem 3.8. O

The argument used in Corollary 3.9 can also be used to show:

Corollary 4.8. For p/q ¢ N, L,(L,) is disjointness preserving AUH over
Icpaq'

Remark 4.9. L,(L,) for p/q ¢ N is AUH over the entire class of its finitely
generated sublattices, a property which is equivalent to such a class being a
metric Fraissé class with L,(Lg) as its Fraissé limit. Recall that a class K
of finitely generated lattices is Fraissé if it satisfies the following properties:

(1) Hereditary Property (HP): K is closed under finitely generated sub-
lattices.

(2) Joint Embedding Property (JEP): any two lattices in K lattice embed
into a third in K.

(3) Continuity Property (CP): any lattice operation symbol are contin-
uous with respect to the Fraissé pseudo-metric d® in [2, Definition
2.11].

(4) Near Amalgamation Property (NAP): for any lattices E =< ey, ...e,, >,
F1 and Fy in K with lattice embeddings f; : £ — F;, and for all
€ > 0, there exists a G € K and embeddings ¢g; : F; — G such that
91 0 filer) — g2 0 faler)|| <e.

(5) Polish Property (PP): The Fraissé pseudo-metric d* is separable and
complete in /C,, (the IC-structures generated by n many elements).

Now clearly the finitely generated sublattices of L,(L,) fulfill the first
two properties, and the third follows from the lattice and linear operations
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having moduli of continuity independent of lattice geometry. In addition, if
one can show that the class I has the N AP, has some separable X which is
universal for K, and its NAP amalgamate lattices can be chosen so that they
are closed under inductive limits, then one can prove that IC also has the
Polish Property (a technique demonstrated in [14, Theorem 4.1] and more
generally described in Section 2.5 of [9]). The main difficulty in proving
that a class of lattices K is a Fraissé class is in showing that it has the NAP.
However, thanks to Theorem 4.7, we have

Corollary 4.10. K, , has the NAP.

Theorem 4.7 implies an additional collection of AUH Banach lattices to
the currently known AUH Banach lattices: namely L, for 1 < p < oo,the
Gurarij M-space M discovered in [5], and the Gurarij lattice discovered in

[14]-

However, if one considers classes of finite dimensional Banach spaces with
Fraissé limits using linear instead of lattice embeddings, the only known sep-
arable AUH Banach spaces are the Gurarij space and L, for p # 4,6,8, ...,
and it is currently unknown if there are other Banach spaces that are AUH
over its finite dimensional subspaces with linear embeddings. Certain combi-
nations of p and ¢ are also ruled out for L,(L,) as a potential AUH candidate
as discussed in Problem 2.9 of [5]: in particular, when 1 < p,q < 2, L,(Lg)
cannot be linearly AUH.

5. FAILURE OF HOMOGENEITY FOR p/q € N

Recall that when E =< ey,...,e, >€ BK,, is embedded into L,(L,)
through fi, fo, then we can achieve almost commutativity for any p # q.
However, the automorphism in Theorem 3.6 clearly preserves the equimea-
surability of the generating basic atoms of f;(FE) as it fixes 1.

In this section, we show that the results of Section 4 do not hold when
p/q € N. The first results in this section show that when some e € L,(Lg)+
is sufficiently close to 1, the automorphism originally used in the argument
of Proposition 2.5 sending 1 to e also perturbs selected functions piecewise
continuous on their support in a controlled way. Second, Theorem 4.1 does
not hold, and thus we cannot infer equimeasurability for arbitrary finite di-
mensional sublattices of L,(L,). Finally, we use these results to strengthen
the homogeneity property for any L,(L,) lattice assumed to be AUH, and
then show that when p/q € N, L,(L,) does not fulfill this stronger homo-
geneity property, and thus cannot be AUH.

Lemma 5.1. Let 1 < p # q < o0, and let < fi,..., fn >C Ly(Lq) be such
that 3 fi = 1. Suppose also that for a.e. x, fr(,") = Ly, (2),g0,1(x)] Where
each gy has finitely many discontinuities. Let € > 0, and let e € S(L,(Lg))+



24 MARY ANGELICA TURSI

fully support L,(Ly). Consider

7)) = £ Nel s o Vel

which is the lattice isometry defined in Proposition 2.5 mapping 1 to e.
Then there exists 6 such that if |1 —e|| < &, then for each k, we have that

lo(fx) — fell <e.

Proof. We can assume ¢ < 1. Let K C [0,1] be a closed set such that for
1 <k<n+1, gk is continuous and u(K) > 1 —e. Pick ¢’ < e such that
for any z,2’ € K, if |z — 2| < ¢, then |gp(z) — gx(2')] < €/4. Now, let
§ < &% be such that 1 — %/ <(1-0)P<(14+0P <1+ %,, and suppose

|1 —e]| < d. Observe that for each z, we have N[1 — e](z), < 6. For each
1<k <n,let

T, y) = f(ﬁ@(m)w N}W

Observe that || f — ¢(f)|| < & < /4, so it is enough to show that || f — fx||
is sufficiently small as well.

To this end, first note that since f is being composed with increasing con-
tinuous functions in both arguments, each ]?;L(a:, -) is also the characteristic
function of an interval: indeed, we have piecewise continuous 1y Ot
with gx(z) := g(Nle](z)p) and gn41(z) = 1 such that for each k, fulz,y) =
1[5, (2)gks1(2)) (). Also observe that for M := {z € K : N[e —1](z) < 6}, we
have u(M)) > 1 — ¢ — e. In addition, as

1fx = fall? = INfi = Flllp = /M(D(«T))p da,

Where Dy(z) = {y : fu(z,y) # fe(z,y)}. The above set up, in combina-
tion with the triangle inequality properties of NV, leads us to the following
inequalities:

For all 0 <z <1, |[Ne](x), — z| < 0.
For all z € M , [N[e](x) — 1] < §.
Forallz € M and 0 <y <1, |ez(y)g —y| < %,.

Forallz € M and 0 <y <1,ify := J\?Z[(ngc), then |y’ — ez (y)q] < %,

(which implies with the above that |y — /| < ¢').

We now show that the above implies that Dy(xz) < 2e. Observe first
that for all x € M, if fi(z,y) # fr(x,y) it must be because, but y ¢
[k (), gk+1(x)], or vice versa. In either case, it can be shown that either

ly—gr(z)| <6+7F or [y—gr1(x)| <5+ 7. Suppose y € [gr(x), gr41(x)] and
y' < gr(z) (a similar proof will work in the case that ¥’ > gri1(z). Then
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since y > gi(2), [y —¢'| <0', and |gr(z) — gr(2)| < §,

0<y—ge(z)=wW—y)+ W —g®@) + @Grlx) — gr(x)) <5+ Z

It follows then that accounting for both ends of the interval [gr(z), gr+1(x)]
and for x € M, we have Dy(z) < 2e. Resultantly,

i = Full? = /M (D)) do + /MC (D)) do < (227 + 6 < 32,

which can be made arbitrarily small.
O

Theorem 5.2. Let 1 < p # ¢ < oo and suppose Ly(Lg) is AUH over its
finite dimensional sublattices. Let f; : E — Ly(Lg) be lattice embeddings
with B =< e1,...,e, > such that fi(x) = 1 for some x € E. Then for all
e > 0, there exists an automorphism ¢ fixzing 1 such that ||¢f1 — fof < €.

Proof. Assume the above, and pick E' =< ¢),...,;e, >C L,(L,), where
e, = ap - 1a,xp, with Ay and By, intervals such that ), 14, xB, = 1 and

for each ey, there is x € S(E')4 such that ||z — fo(er)|| < £

Since Ly(Lg) is AUH, there exists an automorphism ¢ such that ||¢ f; —
fa|l < 6, where § satisfies the conditions for ;= and each of the e’s in E’
in Lemma 5.1. Now pick the automorphism ¢’ over L,(L,) mapping 1 to
¥ fi1(x) as defined in Lemma 5.1. It follows that for each e}, ||¢'(e},) —e,]l <

S50 [|¢/ (k) — zkl| < 4. Thus for each e, € E,

4dmn?

1 f2(ex) — W fr(er) | <l¢'(faler) — zi)ll + ¢ (21) — 2]
k= falen)]] + 1l faler) = valen)]| < .

Now let ¢ = ¢/ 1o 1 to obtain the desired automorphism; then ||¢f; —

f2” < €.
|

The above can be used to show that if L,,(L,) is AUH and f;(£) contains 1
for i = 1,2, then we can induce almost commutativity with automorphisms
fixing 1 as well. This will allow us to reduce possible automorphisms over
L,(Lg) to those that in particular fix 1. The importance of this result is
that these particular homomorphisms fixing 1 must always preserve base-
equimeasurability for characteristic functions, as shown in Proposition 3.1.
Thus a natural approach in disproving that L,(L4) is AUH would involve
finding sublattices containing 1 which are lattice isometric but whose gener-
ating elements are not base-equimeasurable. The following results do exactly
that:

Lemma 5.3. Lemma 4.2 fails when v := p/q € N. In particular, there
exists a non-zero measure v := « — 3, with a and B positive measures such
that for all polynomials P of degree j < r,
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/O ' Pa) du(z) =

Remark 5.4. It is already known that a counter-example exists for L, (0, co)
for all r € N, with

1

dv(x) = e " sin(u%) du

(see [12] and [3] for more details).

Here we provide another example over the unit interval:

Proof. Fix such an r, and define a polynomial g(z) of degree r + 1 with
g(z) = 35! a;at such that for all 0 < j <, fol 29g(x) dz = 0. This can be
done by finding a non-trivial ao, <oy 41 in the null set of the (n+1) x (n+2)
size matrix A with A(i,j) = ’H‘]-‘rl Then let dv(x) = g(z) dx. Let a = vy
and 8 = v_. Clearly a and 3 are finite positive Borel measures, but since

g# 0, a#p. O

Lemma 5.5. Let p/q € N. Then there exists a two dimensional lattice
E =< e1,ez > and lattice embeddings f; : E — Ly(Lq) with 1 € E such that
g1(e) and ga(e) are not base-equimeasurable.

Proof. Let f(x) be a polynomial of degree at least 7+ 1 as defined in Lemma
5.3 such that for all 0 < k <, fol thf(t) dt = 0, and fol |f(x)| dz = 1. Let
hi(z) = L+ f(2)4, and let ho(z) = 1+ f(x)—. Note that eachh (x) > 0 and
furthermore that fo t) dt = 1. Additionally, each map H;(x fo i

is strictly increasing Wlth H;(0) =0 and H;(1) = 1. Now we Wlll construct
characteristic functions f;f € Ly(Lg) such that the linear map fj1 — fj2 in-
duces an isometry, but Nf! and f? are not base-equimeasurable. From there,

K3

and let g; be the lattice isometry induced by gi(e;) = II;’II’

f
||f I
To this end, let

Fi(z) := H; Y(z), and Fi(z) := 1 — Fi(x).

(2

we let e; =

Observe that F11 (z) # F2(x). Indeed, one can show that the associated
push forwards dFY Y for each F} have the corresponding equivalence:

de#,u(x) = hi(z) dx

So (FL, F)) and (Ff, F3) are not equimeasurable. However, For 0 < j <,
whi(u) du = v dF},(u) = Fi(2)’ dz, so it follows from the construction

of the h;’s that
1 1
/ Fl(z)! dx = / FX(z) d.
0 0

Thus for any v1,v9 > 0, since Ff and FQZ are both positive, we have
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1 1
/ lv1 F (z) + v ) (z)|" dx = /0 ((v1 — v2) Fl(x) + vo)" dx
! ' 1
—Z( ) v — v2) g_]/o Fl(z) dx :/0 |1 F2(x) + vo F(x)|" da

To conclude the proof, let fi(z,y) = Lo, Fi ()] (y), and let fi =1 — fi.
Clearly N[f;] = F; O

Theorem 5.6. Ifp/q € N and p # q, then Ly(Ly) is not AUH for the class
of its finite dimensional sublattices.

Proof. Fix p/q € N, and let E be the 2-dimensional lattice generated in
Lemma 5.5, with f; : E — L,(L,) embeddings mapping to copies of E =<
e1, ea > such that fi(e) and fo(e) are not base-equimeasurable. In addition,
by assumption 1 € E. For notational ease, let F; = N{fi(ej)].

Suppose for the sake of contradiction that L,(L,) is AUH. Pick some
measurable C' C [0, 1]? and € > 0 such that
* FiM(C) > Fi#,u(c +e)+e
where
CH+e={tc[0,1]*: |t —s|loo < ¢ for some s € C}.

By Theorem 5.2, there is some lattice automorphism ¢ : L,(Ly) — Ly(Lg)
fixing 1 such that ||[¢o fi — fa|| < 2. Let quZ = N[ofi(e;)]. By Proposition
3.1, ¢ preserves base—equlmeasurablhty, SO for any measurable B,

¢Fypu(B) = Flu(B).

By the properties of N, we also have H(ﬁFjl — szHp <|lofi(ej) — falej)|l. It
also follows that

p(t: [9FH (1) —F2(t)]o > €) <,
S0 ngF u(C+e)+e> F w1(C), but this contradicts the assumption (*). So
Theorem 5.2 cannot apply7 implying that L, (L) is not AUH as desired. O

Remark 5.7. For p/q € N, L,(L,) is the unique lattice that is separably
AUH over finitely generated BL,L, spaces, since up to isometry it is the
unique doubly atomless BL,L, space. In light of Theorem 5.6, this implies
that the class of finitely generated sublattices of L, (L) is not a Fraissé class
as defined in [2], as L,(L,) is the only possible candidate as a Fraissé limit.

In particular, L,L, lacks the NAP. Indeed, otherwise, one can use that
NAP with BL,L, amalgamate lattices and [7, Proposition 2.8] to situate a
d®-Cauchy sequence into a Cauchy-sequence of generating elements in an
ambient separable BL,L, lattice. Thus K,, would also have the Polish
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Property, implying that K, , is a Fraissé class. Since the only possible
candidate Fraissé limit space is L, (L) itself, this would contradict Theorem

5.6.
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