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Abstract. We prove the existence of a separable approximately ultra-
homogeneous Banach lattice BL that is isometrically universal for sepa-
rable Banach lattices. This is done by showing that the class of Banach
lattices has the Amalgamation Property, and thus finitely generated Ba-
nach lattices form a metric Fräıssé class. Some additional results about
the structural properties of BL are also proven.

1. Introduction

This paper explores homogeneity in the class of separable Banach lattices.
We prove the existence of isometrically universal lattices for appropriate
classes with varying levels of homogeneity and give some initial results about
the structure of such spaces.

Some comparable results are already known in Banach space theory. The
Gurarij space G is an isometrically universal separable Banach space with
the following homogeneity property: for any finite dimensional spaces A ⊆
B, any isometric embedding f : A→ G, and any C > 1, there exists a map
g : B → G extending f such that 1

C ‖x‖ ≤ ‖g(x)‖ ≤ C‖x‖ for all x ∈ B.
Such separable Banach spaces are isometrically unique (see [16], as well as
a simplified proof by Kubís and Solecki in [12]). An alternate construc-
tion by Ben Yaacov characterizing G as a metric Fräıssé limit is found in
[5]. As a Fraisse limit, G has another kind of homogeneity that strength-
ens isomorphic embeddings with small distortion to isometric embeddings
while sacrificing full commutativity. In other words, given finite dimensional
spaces A ⊆ B, an isometric embedding f : A → G, and ε > 0, there exists
an isometric embedding g : B → G such that ‖f − g|A‖ < ε. Since G is
a Fräıssé limit, it is also isometrically unique among separable spaces with
this property.

We prove the lattice analogue of the above stated result. Using Fräıssé
machinery, we show that there is a unique isometrically universal separa-
ble Banach lattice BL with the following homogeneity property: for any
lattices A ⊆ B generated by finitely many elements and lattice isometric
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embeddings f : A → BL, for all (a1, ..., an) ⊆ A generating A, and for all
ε > 0, there exists a lattice isometric embedding g : B → BL such that
for each ai, ‖f(ai) − g(ai)‖ < ε (Theorem 4.1). The key to this result is
the fact that Banach lattices have the Amalgamation Property (Theorems
3.10 and 3.12). Observe that if A and B are finite dimensional, we can
strengthen almost commutativity of the diagram restricted to generators to
almost commutativity in norm. BL can also be constructed as an inductive
limit of `m∞(`n1 ) lattices, paralleling the construction of the Gurarij space as
a limit of `n∞ spaces (Theorem 4.3).

BL does not have the homogeneity property that originally characterized
G, however, because in certain cases one cannot extend a lattice isometric
embedding in a way that preserves both lattice structure and full commuta-
tivity in the separable setting. In addition, even though G can be ”almost”
homogeneous in either of the forms mentioned above, it cannot fully homo-
geneous in the sense of requiring both isometric embeddings and full commu-
tativity of the diagram. Since it is unique, no separable spaces can have this
stronger property. There exist non-separable Banach spaces, however, that
are fully homogeneous, not just for the class of finite dimensional spaces,
but also for separable spaces. Such spaces, referred to as spaces of universal
disposition, are constructed by Avilés, Sánchez, Castillo, and Moreno in [2].
A different construction (which assumes the CH) using Fräıssé sequences is
given in [11], where uniqueness is also established. Very recently, Avilés and
Tradecete also constructed a (necessarily non-separable) lattice of universal
disposition for separable lattices [3].

Homogeneity in sublcasses of Banach lattices has been recently explored at
length by Ferenczi, Lopez-Abad, Mbombo, and Todorcevic [9]. This paper
treats on various levels of homogeneity in Lp Banach spaces, but it also
explores lattice homogeneity. Specifically, for 1 ≤ p < ∞, the separable
spaces Lp(0, 1) are Fräıssé limits for `np spaces with lattice embeddings as
corresponding maps. The authors also construct an approximately ultra-
homogeneous M -space for the class of finite dimensional M spaces.

Outside of the Banach lattice setting, homogeneous structures have been
found for various classes. Using injective objects, Lupini proved the ex-
istence of homogeneous structures for the classes of function systems, p-
multinormed spaces, and Mq-spaces [15]. Certain C∗-algebras can also be
constructed as Fräıssé limits of appropriate classes with relaxed conditions,
including all UHF algebras, the hyperfinite II1-factor [7], the Jiang-Su alge-
bra [17], and more recently, a projectively universal AF-algebra constructed
in [10].
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2. Preliminaries

We introduce definitions and notation that will be used in this paper. For
general information about Banach lattices, we refer the reader to [18, 14].
Throughout the paper, all Banach lattices are assumed to be real.

Given a Banach lattice X, we let B(X) and S(X) respectively refer to the
unit ball and unit sphere of X. For A ⊆ X, let A+ denote the elements of
A in the positive cone, and let BL(A) be the Banach lattice generated by
A. We say that x ∈ A is an order extreme point of A if for all y, z ∈ A, if
x ≤ ty − (1− t)z for 0 < t < 1, then x = y = z. A set A ⊆ X is called solid
if for all a ∈ X and b ∈ A, if |a| := a ∨ (−a) ≤ |b|, then a ∈ A. It turns out
that for any solid set A ∈ X, a point a ∈ A is an extreme point if and only
if |a| is order extreme [19, Theorem 19.2]. We also let EP (A) be the set of
extreme points of A, let OEP (A) be the set of order extreme points of A,
and let SCH(A) (CSCH(A)) be the (closed) solid convex hull of A.

The following is largely taken from [5]: let L be a collection of symbols.
These can be either predicate symbols or function symbols. Each predicate
or function symbol has an associated number called its arity. We then call
A with associated metric space A an L-structure if

(1) For every predicate symbol R with arity n, there is a continuous
interpretation RA : An → R. We can also consider the distance to
be a binary symbol (found in every structure).

(2) For every function symbol f with arity n, we have a continuous
interpretation fA : An → A. Note that if a function symbol c has
0-arity, then it is a constant symbol, and cA ∈ A.

These are different from the typical definitions of L-structures in continuous
logic as found in [4], the latter which require uniform continuity for functions
and predicates but do not require that X and Y be bounded. The theory
of Banach lattices can be formulated in the language L = (+,R,∧,∨). In
particular, its function and predicate symbols have corresponding moduli
of uniform continuity which are independent of their interpretation in a
particular lattice. Given x = (x1, ..., xn), y = (y1, ..., yn) ⊆ X, where X is a
metric space, we let

d(x, y) = max
i≤n

d(xi, yi).

As in [4, Chapter 2], we define the modulus of uniform continuity. A func-
tion ∆f : R+ → (0, 1] is a modulus of uniform continuity for a L-function
or predicate symbol f of arity n if for all L-structures M and x, y ∈ Mn,
d(x, y) < ∆f (ε) implies that d(fM(x), fM(y)) < ε. For example, the func-

tion symbol ∧ has modulus of continuity ∆(ε) = 1
4ε. That is, given a

lattice X and (x1, y1) and (x2, y2) ∈ X2, if d((x1, y1), (x2, y2)) < 1
4ε, then
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‖x1 ∧ y1−x2 ∧ y2‖ < ε. The definition of moduli of continuity in the appen-
dix in [4, Chapter 2] assumes that moduli have domains restricted to (0, 1]
but we can extend such functions to R+ by letting ∆f (r) = ∆f (1) for all
r > 1. Propositions 2.4 and 2.5 in [4] show that compositions of uniformly
continuous real functions and L-function and L-predicate symbols also have
corresponding moduli of uniform continuity, since they are also uniformly
continuous.

We say that A is a substructure of B if A is a closed subset of B which is also
closed under all combinations of the function symbol operations. For Banach
lattices, X is a substructure of Y if it is a sublattice of Y . Let f : A→ B be
a map between two L structures. If f preserves norms, function operations,
and predicate symbols in L, then f is considered a embedding.

Let φ : X → Y be a map between two Banach lattices. We say that φ is
a lattice homomorphism if it is a bounded linear map that also preserves
the lattice operations (i.e., φ(x ∧ y) = φ(x) ∧ φ(y)). To check whether
a linear map is also a lattice homomorphism, by [1, Theorem 1.34], it is
enough to check that it is positive (x ≥ 0 =⇒ φ(x) ≥ 0) and preserves
disjointness. That is, if x, y ∈ X and x ⊥ y (i.e., |x| ∧ |y| = 0), then
φ(x) ⊥ φ(y). For C ≥ 1, we say that φ is a C-embedding, if for all x ∈ X,
1
C ‖x‖ ≤ ‖φ(x)‖ ≤ C‖x‖. If C = 1, then φ is an embedding between Banach
lattice structures, so we simply call it an embedding. In subsequent sections,
since this paper mainly deals with Banach lattices, we refer to lattice em-
beddings simply as embeddings. If a C-embedding is also surjective, then it
is called an C-isometry, and if C = 1, it is simply an isometry. Observe that
for any C ≥ 1, if φ : X → Y is a C-embedding, then φ(X) is a sublattice
of Y , φ is a C-isometry from X onto φ(X), and φ−1 is a C-isometry from
φ(X) onto X.

Let A0 ⊆ B. We then let < A0 > be the substructure generated by A0. This
can be understood as the smallest set A ⊆ B with A0 ⊆ A and A a substruc-
ture of B. We say that A is finitely generated if there exist (a1, ...an) ⊆ A
such that A =< (a1, ..., an) >. Suppose that K is a class of finitely gener-
ated L-structures. If A ∈ K, we say that A is a K- structure if every finitely
generated substructure of A is also in K.

For A =< a > and B =< b > with |a| = |b|, we define

dK(a, b) = inf
φ1:A→C
φ2:B→C

d(φ1(a), φ2(b)),

where φ1 and φ2 are both embeddings into some ambient K-structure C. If
we clearly understand generating tuples a and b for lattices A and B to be
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in some larger ambient space without necessary reference to explicit embed-
dings, we just write d(a, b) instead of d(φ1(a), φ2(b)).

Let K be a class of finitely generated structures. We then say K is Fräıssé
if:

• K has the Hereditary Property (HP): every member of K is a K-
structure.
• K has the Joint Embedding Property (JEP): any two K-structures

embed into a third. (Note that if K has the JEP, then dK is defined
for all pairs of tuples in K of the same length.)
• K has the Near Amalgamation Property (NAP): for any structures
A =< a >, B1 and B2 in K with embeddings fi : A → Bi, and for
all ε > 0, there exists a C ∈ K and embeddings gi : Bi → C such
that

d(g1 ◦ f1(a), g2 ◦ f2(a)) < ε.

If g1 ◦ f1 = g2 ◦ f2, then we just say that K has the Amalgamation
Property (AP). Clearly the AP implies the NAP.
• K has the Polish Property (PP): if K has the JEP, HP and NAP,

then dK is a pseudo-metric over K. If dK is separable and complete
in Kn (the K-structures generated by n many elements):
• K has the Continuity Property (CP): every symbol in L is continuous

on K: that is, for function symbols, the map (a, b) 7→ (a, b, f (a)(a))
is continuous, and for predicate symbols P , the map a 7→ P a(a) is
continuous.

By [5, Theorem 3.21], if K is Fräıssé, there exists a separable space M,
known as the Fräıssé limit, that is universal for K and approximately ultra-
homogeneous on K. That is, for all finitely generated structures A =<
a >⊆M, embeddings f : A→M, and ε > 0, there exists an automorphism
φ : M → M such that d(f(a), φ(a)) < ε. Conversely, if a space M is ap-
proximately ultra-homogeneous, its finitely generated substructures form a
Fräıssé class, and M is its limit. Such a space is also isometrically universal
for all separable K structures (including those which are not finitely gener-
ated).

Instead of the PP and CP, a class K may have the following weakened
conditions:

• The Weak Polish Property (WPP): the metric dK is separable (but
not necessarily complete)

• The Cauchy Continuity Property (CCP): the map (a, b) 7→ (a, b, f (a)(a))
sends dK- Cauchy sequences to Cauchy sequences, and for predicate
symbols P , the map a 7→ P a(a) sends Cauchy sequences to Cauchy
sequences,
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If K has the HP, JEP, and NAP in addition to the two conditions above,
then K is an incomplete Fräıssé class. A relevant example is that of finite
dimensional `p spaces ([5, Section 4.2] gives a brief discussion). These have
a (unique) Fräıssé limit of their completion, which is the class of separable
Lp spaces, and the limit is Lp(0, 1). See [9, Proposition 3.7] for a recent
proof using tools from analysis.

The notion of universal disposition in Banach space theory can also be stud-
ied with Banach lattices. Let C be a class of Banach lattices. A lattice X is
of approximately universal disposition for a class C with lattices defined by
finitely many elements if for all A ∈ C and for all embeddings f : A → X,
g : A → B, with A ∈ C defined by a and B ∈ C, and for all ε > 0, there
exists an (1 + ε)-embedding h : B → X such that ‖h◦ g(a)−f(a)‖ < ε. Ap-
proximate universal disposition relaxes the condition in approximate ultra-
homogeneity of the existence of an embedding down to a (1 + ε)-embedding
for arbitrarily small ε.

Definition by finitely many elements in lattices can occur in more than one
way. One can speak, for example, of finite generation in the context of the
logic of metric structures. On the other hand, one might refer to finite di-
mensional lattices. For spaces of approximately universal disposition, if the
class in question is finite dimensional lattices, we can let the finitely many
atoms define the lattice’s basis rather than generators doing so (in fact any
finite dimensional lattice can be generated by two elements: see Theorem
4.4), and we can strengthen the requirement that ‖h ◦ g(a)− f(a)‖ < ε to a
norm requirement that ‖h ◦ g − f‖ < ε.

Throughout the paper we rely on the notion of finite branchability. Let E
be a Banach lattice. Let (An)n be a sequence of finite non-empty sets, and

let T = ∪∞k=0

∏k
n=1An be the tree generated by them. Suppose also that

(xσ)σ∈T ⊆ E+. We then say that (xσ) is a finitely branching tree in E+ if
for all σ with |σ| = k, (x(σ_b))|σ|=k is disjoint, and

xσ =
∑

b∈Ak+1

x(σ_b).

Note that given the property outlined in the definition, span({(xσ)σ∈T }) is
a vector lattice in E. If span({(xσ)σ∈T }) is dense in E for some finitely
branching tree (xσ), we call E finitely branchable. Finitely branchable lat-
tices allow us to reduce problems involving finitely generated, but infinite
dimensional lattices to that of finite dimensional lattices, since they are in-
ductive limits of finite dimensional lattices. It is also easy to show the other
direction: If a lattice is the inductive limit of finite dimensional lattices, then
it is finitely branchable. Finally, observe that finitely branchable lattices are
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separable.

Throughout, we will be working with two named classes of Banach lattices:
let K be the class of finitely generated lattices, and K′ be the class of sub-
lattices of `m∞(`n1 ) spaces, with m,n ∈ N. Let Kn ⊆ K be the class of lattices
generated by n elements, and likewise for K′n ⊆ K′. Here we do not require
that the generating elements be distinct or minimal. We also will make
use of the isometrically universal separable lattice U := C(∆, L1[0, 1]) con-
structed in [13]. It turns out that U is finitely branchable and in particular
is the inductive limit of an increasing union of lattices in K′, which will be
useful later on.

We conclude this section with an outline of the rest of this paper. Section 3
explores the AP in Banach lattices and is split into two subsections. In the
first, we show show that any finite dimensional lattice can be approximated
by a lattice in K′ with arbitrarily small distortion (Lemma 3.2). We use this
result to prove an approximate amalgamation property for finite dimensional
lattices (Theorem 3.5). In particular, it is shown that K′ has the AP. In the
second subsection, we use the results in the first subsection to show that
the class of Banach lattices has the AP (Theorems 3.10 and 3.12). The
key to expanding the results on K′ is the use of finitely branchable lattices.
We then end the section with some additional results on amalgamation over
C-embeddings.

In Section 4, we prove the existence of a separable approximately ultra-
homogeneous lattice BL by showing that K is a metric Fräıssé class and
explore some of its structural properties (Theorem 4.1). The subclass K′ is
not just the first step to amalgamation; it is itself an incomplete Fräıssé class
that is dense in the class of finitely generated separable lattices according
to the Fräıssé metric (Lemma 4.2). We use this fact to show that BL is
finitely branchable (Theorem 4.3). Finitely branchable lattices are them-
selves finitely generated (Theorem 4.4), so unlike the Gurarij space, BL is
finitely generated, and in particular can be generated by two elements.

In Section 5, we show that any separable lattice of approximately universal
disposition for finitely generated lattices is isometric to BL (Theorem 5.2).
We also construct lattices of approximately universal disposition for finite
dimensional lattices and show that any such lattice which is also finitely
branchable is isometric to BL (Theorem 5.4). Finally, we show a self-
similarity property of BL: any non-trivial projection band in BL is iso-
metric to BL (Theorem 5.5).
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3. Banach lattices and the Amalgamation Property

The bulk of this section is dedicated to proving that the class of Banach
lattices has the AP. As this paper was nearing its completion, Avilés and
Tradecete independently proved that Banach lattices have the Amalgama-
tion Property by generating pushouts using free Banach lattices (see [3,
Theorem 4.4]). We give an alternative approach. We first show that K′ it-
self has the AP, and then expand this result to K and to lattices in general.

3.1. The Amalgamation Property in K′. We start with the following
lemma:

Lemma 3.1. Let X be a finite dimensional lattice. Then the following are
equivalent:

(1) OEP (B(X)) is finite.
(2) EP (B(X)) is finite.
(3) EP (B(X∗)) is finite.

Proof. (1) is equivalent to (2) by finite dimensionality and Theorem 19.2 in
[19]. To show that (2) implies (3), suppose B(X) has finitely many extreme
points. Then by Theorem 16 in [8], it is the intersection of finitely many
closed half-spaces. Let f1, ..., fm ∈ S(X∗) such that B(X) = {x ∈ X :
fi(x) ≤ 1 for all 1 ≤ i ≤ m}. Then ‖x‖ = max fi(x) for all x ∈ X, so
B(X∗) = CH{f1, ..., fm}. Otherwise, if g ∈ S(X∗)\CH{f1, ..., fm}, by the
Hahn-Banach separation theorem there exists some x ∈ S(X) such that

sup
i
fi(x) < g(x).

By Milman’s theorem, all the extreme points of B(X∗) are contained in
{f1, ..., fm}, so B(X∗) has finitely many extreme points. By reflexivity of
finite dimensional lattices, (3) implies (2) as well. �

Lemma 3.2. Let X be a finite dimensional Banach lattice. Then for all
C > 1, there exists a C-embedding from X into an `m∞(`M1 ) space for some
m, with M = dimX. If, furthermore, X has finitely many order extreme
points, then X embeds isometrically into `m∞(`M1 ) space for some m.

Proof. Suppose {x∗1, ..., x∗m} is an ε-net on S(X∗)+, where 1
C < 1− ε. Then

for all x ∈ S(X), we have 1
C < 1 − ε ≤ supi x

∗
i (|x|) ≤ 1. Now X∗ is also

finite and is thus generated by its atoms, which are the evaluation function-
als e∗i for the atoms ei ∈ X, with 1 ≤ i ≤ M . That is, if x =

∑
j cjej ,

then e∗i (x) = ci. These functionals form a basis in X∗, so we can assume
x∗i =

∑
j a(i, j)e∗j , with a(i, j) ≥ 0. Based on this, consider the lattice

`m∞(`M1 ), and let u(i, j) ∈ `m∞(`M1 ) correspond to the j’th atom in the i’th
copy of `M1 . Then let φ(ej) =

∑
i a(i, j)u(i, j).
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φ is a lattice homomorphism, since it is a positive linear map that maps
atoms to disjoint elements. It also is a C-embedding. Indeed, let x =∑
cjej ∈ S(X)+ . Then

φ(x) =
∑
j

cjφ(ej) =
∑
j

∑
i

cja(i, j)u(i, j),

so

‖φ(x)‖ = sup
i

∑
j

|cj |a(i, j) = sup
i

∑
j

a(i, j)e∗j (x) = sup
i
x∗i (x).

Thus 1
C ‖x‖ ≤ ‖φ(x)‖ ≤ ‖x‖.

If B(X) has finitely many order extreme points, then by Lemma 3.1, so
does the dual unit ball B(X∗). Let {x∗1, ..., x∗m} = OEP (B(X∗)). Then
‖x‖ = sup1≤i≤m x

∗
i (|x|). Construct φ in the same way as above, and observe

that ‖φ(x)‖ = supi x
∗
i (x) = ‖x‖. �

Lattices in K′ play a key role in subsequent results on homogeneous lattices
and their structure. We present some of the notation that will be used in
subsequent proofs: Suppose F ∈ K′, and let (e1, ..., em) be the atoms of F .
Let f : F → G := `N∞(`M1 ) be a C-embedding, with C ≥ 1. Let u(k, j)
be j’th atom in the k’th copy of `M1 . We then have, for each ei ∈ F , that
f(ei) =

∑
k,j a

i(k, j)u(k, j). Note that f maps atoms to disjoint positive

elements, so we can just let ai(k, j) = a(k, j), and sum up only over atoms
that support f(ei). Specifically, we fix a row k and let

F ki = {j ≤M : f(ei) ∧ u(k, j) > 0}.

Then

f(ei) =
∑
k

∑
j∈Fki

a(k, j)u(k, j).

Observe that F and f induce an N × m matrix AfF , with AfF (k, i) =∑
j∈Fki

a(k, j). If F ki is empty, then AfF (k, i) = 0. It turns out the rows

of AfF capture F ’s structure completely, while small distortions in f imply

small distortions in AfF . We give a lemma to this effect. From now on, if
we have two C-isometries fj : F → Gj with j = 1, 2 be C-isometries with

C ≥ 1, with G1 and G2 both `N∞(`M1 ) spaces, we just let A = Af1F and

B = Af2F . For 1 ≤ l ≤ N , we also let A(l) = (A(l, 1), A(l, 2), ..., A(l,m)) and
B(l) = (B(l, 1), B(l, 2), ..., B(l,m)).

Lemma 3.3. Let fj : F → Gj with j = 1, 2 be C-isometries with C ≥ 1,
and suppose G1 and G2 be `N∞(`M1 ) spaces. Then for all rows l, we have
A(l) ∈ C2SCH({B(k) : 1 ≤ k ≤ N}). In particular, if each fj is an
embedding, then SCH({B(k) : 1 ≤ k ≤ N}) = SCH({A(k) : 1 ≤ k ≤ N}).
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Proof. Let r ∈ B(`M∞)+. Then there exists some row k such that for all
rows l, 1

C

∑
rnB(l, n) ≤ ‖

∑
rnen‖ ≤ C

∑
rnA(k, n). Now that B(l) /∈

C2SCH({A(k) : k ≤ N}) for some l. Then by [19, Proposition 19.7] there
exists some r ∈ B(`M∞)+ such that

C2 sup
y∈SCH(A(k))

∑
rnyn <

∑
rnB(l, n) ≤ C2

∑
rnA(k, n)

for some k, which is a contradiction. �

In the case that C = 1, recall that the construction in Lemma 3.2 used N
rows of `M1 to correspond to the N order extreme points in the unit ball of

X∗. Since we can think of the rows in AfF as elements in the dual space
F ∗, where A(l)(

∑
ciei) =

∑
ciA(l, i), then by Lemma 3.3, we actually have

SCH({A(l)}) = B(F ∗). In particular, any F ∈ K′ has finitely many order
extreme points. Combined with Lemma 3.1, we thus have the following
result:

Corollary 3.4. The four following properties are equivalent for finite di-
mensional lattices X:

(1) OEP (B(X)) is finite.
(2) EP (B(X)) is finite.
(3) EP (B(X∗)) is finite.
(4) X ∈ K′.

We now prove the following:

Theorem 3.5. Suppose for j = 1, 2, fj : E → Fj are C-embeddings with
F1 and F2 in K′ with C ≥ 1. Then there exist G ∈ K′ and C-embeddings
gj : Fj → G such that g1 ◦ f1 = g2 ◦ f2. That is, the following diagram
commutes:

E F

F2 G

f1

f2 g1

g2

In particular, K′ has the AP.

Proof. We can assume that Fj = `N∞(`
Mj

1 ), where Mj = dimFj for j = 1, 2.
Let e1, ..., en be the atoms in E, and for F1 and F2, we let u(k, j) and v(k, j),
respectively, correspond to the j’th atom in the k’th row (that is, the k’th

copy of `
Mj

1 ). For row l and atom i, we let

F l1,i = {j ≤M1 : f1(ei) ∧ u(l, j) > 0},

and similarly, we let

F l2,i = {j ≤M2 : f2(ei) ∧ v(l, j) > 0}
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We now define g1 and g2. Let F ′j be the the lattice ideal in Fj generated by

fj(E), and let (F ′1 ⊗ F ′2) ⊕ F1 ⊕ F2 be understood as a vector lattice with
atoms of the form u(k, j) ⊗ v(l,m), u(k, j), and v(l,m). For u(k, j) with
j ∈ F i1,k, let g1(u(k, j)) = u(k, j) ⊗ f2(ei). If u(k, j) /∈ F i1,k for any i, let

g1(u(k, j)) = u(k, j). For v(l,m) ∈ F i2,l, let g2(v(l,m)) = f1(ei) ⊗ v(l,m),

and if v(l,m) /∈ F i2,l for any i, let g2(v(l,m)) = v(l,m). First, we show that
g1 ◦ f1 = g2 ◦ f2. Indeed, we have

g1 ◦ f1

(∑
i

ciei

)
=
∑
i

cig1

(∑
k

∑
j∈F i1,k

a(k, j)u(k, j)

)

=
∑
i

ci

(∑
k

∑
j∈F i1,k

a(k, j)u(k, j)

)
⊗ f2(ei)

=
∑

ci(f1(ei)⊗ f2(ei)),

and similarly:

g2 ◦ f2

(∑
i

ciei

)
=
∑
i

cig2

(∑
l

∑
m∈F i2,l

b(l,m)v(l,m)

)

=
∑
i

cif1(ei)⊗
(∑

l

∑
m∈F i2,l

b(l,m)v(l,m)

)
=
∑

ci(f1(ei)⊗ f2(ei)).

Let G = BL(g1(F1)∪g2(F2)), and let the unit ball of G be SCH
(
g1(B(F1))∪

g2(B(F2))
)
.

Note that g1 and g2 are both contractive maps. We now show that they are
also C2-embeddings. This will be sufficient, because then we can replace g1

and g2 with Cg1 and Cg2 while still preserving commutativity in the dia-
gram. These latter maps are themselves C-embeddings, thus proving the
theorem. Since gi(B(Fi)) has only finitely many order extreme points, and
since the resulting space is finite dimensional, SCH

(
g1(B(F1))∪g2(B(F2))

)
is also closed. So we need only to show without loss of generality that if
x, y ∈ S(F1)+, z ∈ S(F2)+, and rg1(x) ≤ tg1(y)+(1−t)g2(z) with 0 ≤ t ≤ 1,
then r < C2.

Suppose x, y and z are as above. Since for some k ≤ N ,
∥∥x∧(∑j u(k, j)

)∥∥ =

1 and g1

(
x ∧ (

∑
j u(k, j))

)
≤ g1(x), we can assume that x =

∑
j cju(k, j)

with
∑
cj = 1. Furthermore, since

rg1(x) ≤ tg1(y) ∧ rg1(x) + (1− t)g2(z) ∧ rg1(x),
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we can also assume that tg1(y) ≤ rg1(x), so y =
∑
dju(k, j), with

∑
dj ≤ 1.

Finally, we can let z =
∑M

1 µnzn, where zn is an order extreme point in F2;
that is, there is a sequence sn = (snl )l of length N such that zn =

∑
l v(l, snl ),

and furthermore, µn > 0 with
∑
µn = 1. Then

0 ≤ g1(rx− ty) ≤ g2

(∑
i

∑
l

∑
n:snl =m∈F i2,l

µnv(l,m)

)
.

Now both sides of the inequality are supported, and the left hand side fully
supported, by atoms of the form u(k, j)⊗v(l,m) where j ∈ F i1,k andm ∈ F i2,l.
Thus, for any u(k, j) ∈ F ′⊥1 , we must have rcj − tdj = 0, since g1(F ′⊥1 ) is

disjoint from g2(F2), and similarly g2(F ′⊥2 ) is disjoint from g1(F1). Therefore

rx− ty =
∑
i

∑
j∈F i1,k

(rcj − tdj)u(k, j)

Recall that for each coefficient the left hand side must be less than or equal
to the right hand side. Evaluating both sides, we thus have that∑

i

( ∑
j∈F i1,k

(rcj − tdj)u(k, j)

)
⊗ f2(ei)

=
∑
i

[( ∑
j∈F i1,k

(rcj − tdj)u(k, j)

)
⊗
(∑

l

∑
m∈F l2,i

b(l,m)v(l,m)

)]

=
∑
i

[ ∑
j∈F i1,k

∑
l

∑
m∈F l2,i

(rcj − tdj)b(l,m) u(k, j)⊗ v(l,m)

]

≤(1− t)
∑
i

[(
f1(ei) ∧

∑
j

u(k, j)

)
⊗
(∑

l

∑
n:snl =m∈F i2,l

µnv(l,m)

)]

=
∑
i

(1− t)
[( ∑

j∈F i1,k

a(k, j)u(k, j)

)
⊗
(∑

l

∑
n:snl =m∈F i2,l

µnv(l,m)

)]

=
∑
i

[ ∑
j∈F i1,k

∑
l

∑
m∈F i2,l

(1− t)a(k, j)

( ∑
n:snl =m

µn

)
u(k, j)⊗ v(l,m)

]

For each i, for all j ∈ F i1,k, for each l, and for all m ∈ F i2,l, the coefficient of

u(k, j)⊗ v(l,m) on the left hand side is (rcj − tdj)b(l,m), and on the right

hand side, we have (1− t)a(k, j)
∑

n:snl =m

µn. Thus

(rcj − tdj)b(l,m) ≤ (1− t)a(k, j)
∑

n:snl =m

µn.



A SEPARABLE UNIVERSAL HOMOGENEOUS BANACH LATTICE 13

Let A = Af1E and B = Af2E , as defined prior to Lemma 3.3. Adding across

all m ∈ F i2,l, we have:

(rcj − tdj)
∑

m∈F i2,l

b(l,m) ≤ (1− t)a(k, j)
∑

m∈F i2,l

∑
n:snl =m

µn

so (rcj − tdj)B(l, i) ≤ (1− t)a(k, j)λil, where

λil =
∑

m∈F i2,l

∑
n:snl =m

µn.

Observe that
∑

i λ
i
l = 1 for all rows l. Add up terms over all j ∈ F i1,k. Thus∑

j∈F i1,k

(rcj − tdj)B(l, i) ≤
∑
j∈F i1,k

(1− t)a(k, j)λil =⇒

(rCi − tDi)B(l, i) ≤ (1− t)A(k, i)λil,

where Ci =
∑

j∈F i1,k
cj and Di =

∑
j∈F i1,k

dj . Now if

C ′ =
∑

u(k,j)∈F ′⊥1

cj and D′ =
∑

u(k,j)∈F ′⊥1

dj ,

then
∑

iCi +C ′ = 1 and
∑

iDi +D′ ≤ 1. Since rx− ty ≥ 0, it follows that

rCi − tDi ≥ 0 and since for each j, u(k, j) ∈ F ′⊥1 implies rcj − tjdj = 0, we
have rC ′−tD′ = 0. By Lemma 3.3, there exists a finite sequence (νl)

N
l=1 such

that A(k) ≤ C2
∑
νlB(l), with

∑
l νl = 1 and νl ≥ 0. Then in particular,

(rCi − tDi)A(k, i) ≤ C2(1− t)A(k, i)
∑
l

νlλ
i
l

If A(k, i) = 0, then Ci and Di are also 0, since F i1,k is empty. Otherwise

A(k, i) > 0, so for all i,

(rCi − tDi) ≤ C2(1− t)
∑
l

νlλ
i
l =⇒∑

i

(rCi − tDi) + rC ′ − tD′ ≤ C2(1− t)
∑
l

∑
i

νlλ
i
l =⇒

r − t ≤ r − t(
∑
i

Di +D′) ≤ C2(1− t)
∑
l

νl(
∑
i

λil) =⇒

r − t ≤ C2(1− t) =⇒
r ≤ C2

Thus g1 (and by similar argument g2) is a C2-embedding.

Finally, G itself has finitely many order extreme points, so by Lemma 3.2 it
can be embedded into a `m∞(`n1 ) space, implying that G ∈ K′. �
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Corollary 3.6. Let E,F1, F2 be finite dimensional lattices, let C ≥ 1, and
suppose f1 : E → F1 and f2 : E → F2 are C- embeddings. Then for all
ε > 0, there exist a lattice G ∈ K′ and (C + ε)-embeddings g1 : F1 → G and
g2 : F2 → G such that g1 ◦ f1 = g2 ◦ f2.

Proof. Pick δ such that (1 + δ)2C < C + ε, and pick N such that there are

(1 + δ)-embeddings φj : Fj → F ′j := `N∞(`
dimFj
1 ). Then each φj ◦ fj : E → F ′j

is a C(1+δ)-embedding. By Theorem 3.5, there exists G ∈ K′ and C(1+δ)-
embeddings g′j : F ′j → G for j ∈ {1, 2} such that g′1 ◦ φ1 ◦ f1 = g′2 ◦ φ2 ◦ f2.

Now let gj = g′j ◦ φj , and observe that each gj is a (1 + δ)2C-embedding,

and g1 ◦ f1 = g2 ◦ f2. Since (1 + δ)2C < C + ε, we are done. �

3.2. The Amalgamation Property for arbitrary Banach lattices.
The above approach works well with finite dimensional lattices, but expand-
ing to finitely generated lattices will lead to some additional complications
since finitely generated lattices need not be finite dimensional. In fact, the
separable isometrically universal lattice U = C(∆, L1(0, 1)) can be generated
by two elements (see Remark 3.1 in [13]). However, we can use this result
to express separable lattices with sequences of finite dimensional lattices in
order to demonstrate a general amalgamation.

Suppose now that E is a Banach lattice. Let α be a limit ordinal, and let
(Eγ)γ<α be a sequence of increasing sublattices of E such that ∪γ<αEγ = E.
considering (γ)γ<α as a net, define E ⊆

∏
Eγ by

E = {(xγ)α<γ : lim
γ
xα = x ∈ E}.

Essentially, E is a lattice of α-length sequences converging to elements in E,
with norm ‖(xα)‖E = supα ‖xα‖.

Lemma 3.7. Let E and E be as above, and let E0 be the ideal in E of null
sequences. Then E is isometric to E/E0.

Proof. Let x ∈ E, and let (xγ)γ → x, and let [(xγ)] denote the equivalence
class induced by E0.
We will now show that the map g : E → E/E0 with g(x) 7→ [(xγ)γ ] is an
isometry.

First, it is well defined: if (xγ)γ and (yγ)γ converge to x, then (yγ−xγ)γ ∈ E0,
so [(xγ)γ ] = [(yγ)γ ]. By continuity of scalar multiplication and addition,
g(x) is linear. It also preserves norms. Note that ‖g(x)‖E/E0 = inf{‖(xγ)γ‖ :
(xγ)γ → x}, so ‖g(x)‖E/E0 ≥ ‖x‖, since ‖xγ‖ → ‖x‖. For ε > 0 and
(xγ) → x, there exists some β < α such that for all γ > β, ‖xγ − x‖ < ε
consider then the α-sequence (x′γ) with x′γ = 0 for all γ < β and x′γ = xγ
otherwise. Then g(x) = [(x′γ)γ ], and so ‖g(x)‖E/E0 ≤ ‖x‖ + ε. In addition,
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the map is clearly surjective, since any [(yγ)] = g(x) where (yγ)→ x. Thus
g is a linear isometry.

Finally, g preserves lattice operations. First of all, g is positive. If x ≥ 0,
and (xγ)γ → x, then 0 ≤ (xγ ∨ 0)γ → x ∨ 0 = x. Since E0 is a lattice ideal,
g(x) = [(xγ∨0)γ ] = [(xγ)γ ]∨[0] ≥ 0. In addition, g(x) preserves disjointness:
if x ∧ y = 0, then if xγ → x and yγ → y, then xγ ∧ yγ → x ∧ y = 0. Then

[(xγ)] ∧ [(yγ)] = [(xγ ∧ yγ)] = [0],

so g is a lattice homomorphism. Therefore g is a lattice isometry. �

Given a separable lattice E, by [13, Proposition 2.2], there exists a finitely
branchable lattice E′ such that E ⊆ E′ ⊆ E∗∗. Let (xσ)TE′ be the corre-
sponding branching tree. Let kn ↑ ∞ where kn ∈ N be a strictly increasing
sequence, let E′kn = span(xσ : |σ| = kn), and let E ′ ⊆

∏
nE
′
kn

be the lattice
defined by

E ′ = {(xi)i : xi → x ∈ E′},

with lattice norm ‖x‖E ′ = supn ‖xn‖. Finally, let E ′0 = {x ∈ E ′ : xn → 0}.
By Lemma 3.7, E ′/E ′0 is lattice isometric to E′ itself. Furthermore, any finite
dimensional lattice F ∈ E can be approximated by a sublattice of some En
for some n:

Lemma 3.8. Let E = ∪nEn where (En) is an increasing sequence of lattices.
Suppose F ⊆ E is a finite dimensional sublattice. Then for all ε > 0 there
exist n ∈ N and a (1 + ε)-isometry g : F → En such that ‖g − Id|F ‖ < ε.

Proof. Let m = dimF , and let h(x1, ..., xm) = x1− x1 ∧ (
∨
i≥2 xi). Let (ei)i

be the atoms of F , and let ei = (e1, ..., ei−1, ei+1, ..., em). Now h is contin-
uous, and for any sequence (x1, ..., xm) of positive elements, the elements
h(x1, x1), ..., h(xm, xm) are mutually disjoint and positive. Thus since ∪En
is dense in X, for some n there exist corresponding positive (f1, ..., fm) ⊆ En
such that ‖h(ei, ei)− h(fi, fi)‖ < δ/m. Now since the ei’s are mutually dis-
joint, h(ei, ei) = ei. Let g : F → En be the lattice homomorphism generated
by g(ei) = h(fi, fi). Then for any

∑
aiei ∈ S(F ), we have

‖
∑

ei −
∑

aig(ei)‖ ≤
m∑
i

|ai|‖ei − g(ei)‖ < δ.

It follows that 1−δ < ‖g(
∑m

i aiei)‖ < 1+δ, so g is a 1+δ
1−δ -isometry. If we let

1+δ
1−δ < 1 + ε, we have both that g is a (1 + ε)-isometry and ‖Id|F − g‖ < ε.

�

We now state the following lemma:

Lemma 3.9. Let E and A be a finitely branchable Banach lattices, and
suppose φ : E → A is an embedding. Let (xσ)σ∈TE and (yσ)σ∈TA be linearly
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dense spanning trees for E and A, respectively. Then for all ε > 0, there exist
a strictly increasing sequence (kn)n ⊆ N and (1 + ε)-embedding φ′ : E → A
generated by a sequence of maps φn : En → Akn such that:

(1) The following diagram commutes:

E A

E A

φ′

qE qA

φ

(2) For each n, φn : En → Akn is a (1 + ε/2n)-embedding.

Proof. Let E ⊆
∏
nEn. We will construct kn as follows. Begin with x∅ ∈ E+,

and suppose that ‖x∅‖ = 1. Pick k0 ∈ N and z∅ ∈ span({yσ : |σ| = k0})
with z∅ ≥ 0 such that ‖z− φ(x∅)‖ < ε. We then let φ′0(x∅) = z∅. For n > 0,
since En is finite dimensional and embeds into A, by Lemma 3.8, pick kn in
such a way that such a way that there is a φn : En → Akn with distortion
level at most (1 + ε/2n).

Let φ′ = (φn)n. Note that φ′ sends atoms to disjoint elements and is a
positive linear map. To show that property 1 is also fulfilled, we must
first show that φ takes elements in E to elements in A. Let x ∈ E , with
(xi) → x′ ∈ E. Now φ(xi) ∈ A, and by continuity φ(xi) → φ(x′) ∈ A as
well. Yet ‖φ(xi) − φi(xi)‖ ≤ ε

2i
, so φi(xi) → φ(x′) ∈ A. In addition, if

xi → x ∈ E, then qA ◦ φ′((xi)i) = φ(x), which gives us commutativity, thus
fulfilling property 1. �

We are now ready to prove the following:

Theorem 3.10. Let E,A1, A2 be separable Banach lattices, and let f1 :
E → A1 and f2 : E → A2 be embeddings. Then there exists a separable
Banach lattice G and embeddings g1 : A1 → G and g2 : A2 → G such that
g1 ◦ f1 = g2 ◦ f2.

Proof. Since each fi : E → Ai is a lattice embedding for i = 1, 2, by [18, The-
orem 1.4.19], each f∗∗i : E∗∗ → A∗∗i is a lattice embedding. By Proposition
2.2 in [13], there exists a separable finitely branchable lattice E ⊂ E′ ⊆ E∗∗
with a finitely branching tree (xσ)σ∈TE′ . Similarly, we can take the Banach
lattice generated by f∗∗i (E′) and Ai, and inject it into a finitely branchable
A′i with a corresponding finite branching tree (yσ)σ∈TA′

i
. Thus we can rede-

fine f1 and f2 to be extended to E′.

Let ε > 0, and using Lemma 3.9, pick appropriate increasing sequences
of natural numbers k1

n ↑ ∞ and k2
n ↑ ∞ generating A′1 and A′2 with ac-

companying (1 + ε)-isometries f ′1 and f ′2 such that the following diagram
commutes:
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E ′

A′2 E′ A′1

A′2 E A′1

A2 A1

f ′1qE′
f ′2

qA′2 f2

f1 qA′1Id

f1

f2
Id Id

By the assumptions on Lemma 3.9, f ′j = (φjn)n, where φjn : E′n → A′
j kjn

is a

(1+ε/2n)-isometry. Use Corollary 3.6 to getGn and (1+ε/2n−1)-embeddings
ψ1
n and ψ2

n such that ψ1
n ◦ φ1

n = ψ2
n ◦ φ2

n, and let g′1 = (ψ1
n)n and g′2 = (ψ2

n)n.
Let G′ ⊆

∏
nGn be the sublattice generated by g′1(A′1) and g′2(A′2), and equip

G′ with the sup-norm; that is, if x ∈ G′, let ‖x‖G′ = sup ‖xn‖Gn . Now each
g′j is a (1 + 2ε)-embedding. Let G′0 be the ideal consisting of elements x ∈ G′
such that ‖xn‖Gn → 0, and let G = G′/G′0. Note that for each j ∈ {1, 2}, we
have g′j(A′j 0) ⊆ G′0. Thus g′j induces well defined maps gj : A′j → G, with

gj = qG ◦ g′j ◦ q
−1
A′j

. We therefore have the following commuting diagram:

E ′

E′ A′1

A′2 A′1

A′2 G′

G

f ′1
qE′

f ′2

f2

f1
qA′1

g′1

qA′2 g′2

g1

g2 qG

It remains to show that each gj is in fact an embedding. To this end, we note
that if z ∈ G, then ‖z‖ = inf{‖y‖ : qG(y) = z}. Let x ∈ A′1. Pick y ∈ A′1
with ‖y‖ < 1 + δ such that yi → x. This can be done by picking n such that
for all n ≥ N ‖x − yn‖ < δ, ε/2n−1 < δ, and furthermore, we can assume
that for all n < N , yn = 0. It then follows that 1

(1+δ)2
≤ ‖g′1(y)‖G′ ≤ (1+δ)2,

so ‖qGg′1(y)‖ ≤ (1 + δ)2, Thus ‖g1(x)‖G′ ≤ (1 + δ)2. In addition, for any
z ∈ G′0, since for all δ′ > 0 we have ‖zn‖Gn ≤ δ′ for all large enough n, it
follows that ‖z − g′1(y)‖ > 1

(1+δ)2
− δ′. Thus ‖g1(x)‖G ≥ 1

(1+δ)2
. δ can be
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chosen to be arbitrarily small, so ‖g1(x)‖G = 1.

Finally, we show that gj preserves disjointness and is a positive map. Let
x ∈ A′j+, and chose a sequence y = (yi)i ∈ A′j+ with yi → x. Then

g′j(y) ≥ 0, so qGg
′
j(y) = gj(x) ≥ 0. To show preservation of disjointness, let

x, x′ ≥ 0 be disjoint elements, and let y = (yi)i ∈ q−1
A′j

(x) and similarly let

y′ = (y′i)i ∈ q
−1
A′j

(x′). Then y ∧ y′ ∈ A′j 0; since (yi)i → x and (y′i)i → x′, we

have

y ∧ y′ = (yi ∧ y′i)i → x ∧ x′ = 0,

so g′j(y) ∧ g′j(y′) = g′j(y ∧ y′) ∈ G′0, which means that gj(x) ∧ gj(x′) =

qGg
′
j(y) ∧ qGg′j(y′) = qGg

′
j(y ∧ y′) = 0. Thus gj is an embedding.

To show separability, we simply restrict g1 and g2 to A1 and A2, and replace
G with the lattice generated by g1(A1)

⋃
g2(A2). Thus if A1 and A2 are

both separable, then so is G. �

Remark 3.11. We can also ensure that G is finitely generated, since we
can embed G into U if necessary. Thus K has the AP.

We can expand Theorem 3.10 for arbitrary lattices with a similar proof.

Theorem 3.12. Let E,F1, F2 be Banach lattices, and let fi : E → Fi,
with i ∈ {1, 2} be embeddings. Then there exists a lattice G and isometric
embeddings gi : Fi → G such that g1 ◦ f1 = g2 ◦ f2. Furthermore, if Fi has
density character no more than κ, we can ensure that G does as well.

Proof. We prove this by ordinal induction over the density character κ. For
the base case of κ = ℵ0, this was already proven in Theorem 3.10. Sup-
pose now that we have shown the same for all lattices of density character
less than κ. Let (zγ)γ<κ be a κ-sequence dense in E, and let (xiα)α<κ be

κ-length sequences dense in Fi. Let Eβ = BL((zα)α<β) and let F βi =

BL((xiα)α<β ∪ fi(Eβ)). Then Eβ ↑ E, F β ↑ F , and fi(E
β) ⊆ F βi . Now each

fi induces an embedding φi : E → Fi, where φi((yβ)β<κ) = (fi(yβ))β<κ.

Both Eβ and the F βi ’s have dense subsets of size strictly less than κ, so by

induction, pick Gβ and embeddings ψβi : F βi → Gβ such that ψβ1 ◦ f1|Eβ =

ψβ2 ◦f2|Eβ . Let ψi = (ψβi )β<α, and let G be the sublattice of
∏
β G

β generated

by the elements of ψi(Fi). Let G0 be the ideal in G of nets converging
in norm to 0, and let G = G/G0. Now let gi = qG ◦ ψi ◦ q−1

E . Use the
same argument as in Theorem 3.10 to show that each gi is well defined, an
embedding, and together with G give the desired amalgamation. Finally, G
has the desired density character if we restrict it to the lattice generated by
g1(F1) ∪ g2(F2). �
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We end this section with some additional results on the interplay between
the AP and C-embeddings. In each of these cases, we can perturb lattices
or maps that change C-embeddings into embeddings in exchange for full
commutativity or preservation of the original norm:

Theorem 3.13. Let f : A→ X be a C- embedding. Then there exists a C-
equivalent renorming |||·||| of X such that f : A→ (X, |||·|||) is an embedding.
Furthermore,

• if f is an expansion (that is, if f−1 is contractive), then we can make
|||·||| ≤ ‖·‖.
• if f is a contraction, then we can make |||·||| ≥ ‖ · ‖.
• if A and X are both in K′, then we can ensure that (X, |||·|||) is also

in K′.

Proof. We start with a proof for the case when f is an expansion. Let
B′ = CSCH

(
f(B(A)) ∪ B(X)

)
be the unit ball of |||·|||. Observe that

B′ ⊇ B(X) and f(B(A)) ⊆ CB(X), so 1
C ‖ · ‖ ≤ |||·||| ≤ ‖ · ‖.

We now show that f : A → (X, |||·|||) is an embedding. Suppose that there
exist zn ≤ tnf(xn)+(1−tn)yn with (1+α)f(x) = limn zn, with x, xn, yn ≥ 0,
α ≥ 0, ‖xn‖, ‖yn‖ ≤ 1, 0 ≤ tn ≤ 1, and ‖x‖ = 1. By compactness, we can
suppose tn converges to t, and just let zn ≤ tf(xn)+(1− t)yn. Furthermore,
we can assume that ‖f((1 + α)x− txn)‖ → bx. Then for all n, we have

f((1 + α)x− txn) ≤ (1− t)yn + δn

with ‖δn‖ → 0. We then have

1 + α− t ≤ ‖f((1 + α)x− txn)‖ ≤ (1− t) + ‖δn‖.

Thus 1 + α− t ≤ bx ≤ 1− t, so α = 0.

For contractive f , let B′ be the closed solid convex hull of f(B(A))∪ 1
CB(X).

Note here that 1
CB(X) ⊆ B′ ⊆ B(X), so ‖ · ‖ ≤ |||·||| ≤ C‖ · ‖. Then use the

same type of argument.

For the general case, observe that Cf is an expansion which is also a C2-
embedding. Then by the proof of the first case, there is C2-equivalent
renorming |||·||| ≤ ‖·‖ of X with Cf : A→ (X, |||·|||) an embedding. Now take
the new norm of X to be C|||·|||. Then f : A→ (X,C|||·|||) is an embedding,
and C|||·||| is C-equivalent to ‖ · ‖.

Finally, if A,X ∈ K′, the unit ball of the renormed lattice (X, |||·|||) has
finitely many order extreme points, so by Corollary 3.4, (X, |||·|||) is also in
K′. �
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Theorem 3.13 can be used to generalize Theorem 3.12 to diagrams involving
C-isometries:

Corollary 3.14. Let fi : E → Fi with i = 1, 2 be Ci-embeddings for lattices
E, F1, and F2. Then:

• There exist a lattice G and Ci-embeddings gi : Fi → G such that
g1 ◦ f1 = g2 ◦ f2.
• There exist a lattice G, an embedding g1 : F1 → G, and a C1C2-

embedding g2 : F2 → G such that g1 ◦ f1 = g2 ◦ f2.
• If E,F1, and F2 are in K′, we can ensure G ∈ K′ as well.

Proof. For the first part, let F ′i = (Fi, |||·|||) be Ci-equivalent renormings
such that fi is an embedding into F ′i . By Theorem 3.12 (Theorem 3.5),
there exists G and embeddings gi : F ′i → G such that g1 ◦ f1 = g2 ◦ f2. Since
F ′i is Ci-equivalent to Fi, each gi is a Ci-embedding on Fi. For the second
part, use Theorem 3.13 to simply renorm G with a C1-equivalent norm |||·|||
so that g1 : F1 → (G, |||·|||) is now an embedding. Then g2 : F2 → (G, |||·|||) is
a C1C2-embedding. For both parts, G can be in K′ if E,F1, and F2 are in
K′. �

Theorem 3.15. Suppose f : X → Y is a (1 + ε)-embedding, and suppose
X,Y are in K (or K′). Then there exists a lattice Z ∈ K (K′) and embeddings
g : X → Z and h : Y → Z such that ‖g − h ◦ f‖ ≤ ε.

Proof. Let j1 : X → X ⊕∞ f(X), with j1(x) = x ⊕ 1
1+εf(x). Let j2 :

f(X) → X ⊕∞ f(X) with j2(f(x)) = 1
1+εx ⊕ f(x). Note then that since

1
1+ε‖f(x)‖ ≤ ‖x‖ ≤ (1 + ε)‖f(x)‖, j1 and j2 are both embeddings. Then

‖j1(x)− j2f(x)‖ =

∥∥∥∥(1− 1

1 + ε

)
x⊕

(
1

1 + ε
− 1

)
f(x)

∥∥∥∥
=

ε

1 + ε
‖x⊕−f(x)‖ ≤ ε‖x‖.

If f is surjective, then let g = j1 and h = j2, and we are done. Otherwise,
f(X) ⊆ Y and j2 : f(X) → X ⊕∞ f(X) in an embedding, so use Theorem
3.12 (or Theorem 3.5) to get a lattice Z in K (respectively K′) and embed-
dings h1 : Y → Z and h2 : X ⊕∞ f(X) → Z such that h1|f(X) = h2 ◦ j2.
Then for all x ∈ X,

‖h2j1(x)− h1f(x)‖ = ‖h2j1(x)− h2j2f(x)‖ = ‖j1(x)− h2(f(x))‖ ≤ ε‖x‖.
Let g = h2 ◦ j1 and h = h1, and we are done. �

Corollary 3.16. Let E,F1, F2 be lattices in K (or K′), and let fj : E → Fj
be (1 + ε)-embeddings. Then there exist H ∈ K (K′) and embeddings gj :
Fj → G such that ‖g1 ◦ f1 − g2 ◦ f2‖ ≤ 2ε.

Proof. By Theorem 3.15 there exist F ′j ∈ K (K′) and embeddings f ′j : E →
F ′j and φj : Fj → F ′j such that ‖f ′j − φj ◦ fj‖ ≤ ε. Now use Theorem 3.12
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(or Theorem 3.5) to get H ∈ K (K′) and embeddings g′j : F ′j → H with

g′1 ◦ f ′1 = g′2 ◦ f ′2. Let gj = g′j ◦ φj . Then

‖g1 ◦ f1 − g2 ◦ f2‖ =‖g′1 ◦ φ1 ◦ f1 − g′2 ◦ φ2 ◦ f2‖
≤‖g′1 ◦ (φ1 ◦ f1 − f ′1)‖+ ‖g′2 ◦ (φ2 ◦ f2 − f ′2)‖ ≤ 2ε.

�

4. The approximately ultra-homogeneous separable lattice BL

The main result of this section is:

Theorem 4.1. The class K of finitely generated separable Banach lattices is
a Fräıssé class. Thus there exists a separable approximately ultra-homogeneous
Banach lattice BL.

The level of homogeneity in BL cannot significantly be strengthened. For
one, BL can only be ”approximately” ultra-homogeneous, since no lattice
automorphism can map non-weak units to weak units. BL is clearly also
atomless. If there were an atom e in BL, any automorphism would have to
map it to another atom. Thus two embeddings g1 : R →< e >⊆ BL and
g2 : R →< x >⊆ BL such that x both is disjoint from e and not an atom
cannot be arbitrarily approximated by an automorphism.

BL is isometrically universal for separable Banach lattices, but it is not
isometric to U because the latter is not approximately ultra-homogeneous
and Fräıssé limits are unique up to isometry. Indeed, let < e > be a one-
dimensional lattice generated by e, let f1(e) = a := ~1∆ ⊗ χ[0,1], f2(e) = b :=
~1K⊗χ[0,1], where K ⊆ ∆ is a proper clopen subset, and let b′ = a− b. Let φ
be any automorphism over U . Now the sets Kb = {k ∈ ∆ : ‖φ(b)(k)‖1 = 1}
and Kb′ = {k ∈ ∆ : ‖φ(b′)(k)‖1 = 1} are non-empty, and furthermore
b(Kb′) = 0, and vice versa, since φ(< b, b′ >) is isometric to `2∞. It follows
that for k ∈ Kb′ , we have ‖φ(b)(k)− a(k)‖1 = 1, so ‖φ(b)− a‖ ≥ 1.

Proof of theorem. It is clear that K has the HP and the JEP. It also has
the CP by virtue of the fact that each function symbol in the language of
Banach lattices has a fixed modulus of continuity independent of its inter-
pretation. By Theorem 3.10, it has the AP. It remains to show that it has
the PP. We need to show that the class of finitely generated Banach lattices
is both separable and complete under the metric dK. For separability, let
(xn)n be a countable dense subset of U . Then the set {< xi1 , ..., xin >} of
lattices generated by finitely many elements in (xn)n is itself a countable
dense subset of Kn.
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To show completeness, we use Theorem 3.10 and the fact that Banach lat-
tices are closed under direct limits. Let (ai)i be a Cauchy sequence of tuples
generating structures in Kn. By passing to a subsequence if necessary, we
can assume that dK(ai, ai+1) < 1

2i+1 . For ai and ai+1, let B1
i be a finitely

generated lattice containing isometric copies of < ai > and < ai+1 > such
that d(ai, ai+1) < dK(ai, ai+1) + 1

2i+1 . Note then for each i, we have embed-

dings < ai+1 >→ B1
i , B

1
i+1, so use amalgamation to embed B1

i and B1
i+1

into some finitely generated space B2
i where the associated diagram com-

mutes. Proceed inductively in a similar manner: each Bk
i+1 injects into Bk+1

i

and Bk+1
i+1 , so use amalgamation to inject them into some finitely generated

Bk+2
i . The resulting commutative diagram illustrates the process:

< a1 > B1
1 B2

1 B3
1 . . .

< a2 > B1
2 B2

2

< a3 > B1
3

...

Let X be the closed inductive limit of the sequence of lattices (Bn
1 )n. X is

itself separable, though it need not be finitely generated. It also contains an
isometric copy of each < ai > and for each ai, aj ⊆ X with i ≤ j, we have

d(ai, aj) <

j−1∑
k=i

(
dK(ak, ak+1) +

1

2k+1

)
<

j−1∑
k=i

2−k < 2−i+1.

Thus (ai)i, as a sequence of tuples in X, is Cauchy. Let a = limi ai. Since
X is complete, the sublattice < a > exists, which implies the completion of
the metric dK. Thus K has the PP, and we are done. �

We continue with an additional characterization of BL. In particular, BL
is finitely branchable and finitely generated. To this end, we concentrate on
the sub-class K′.

The `m∞(`n1 ) lattices are in certain ways analogues of `n∞ spaces. For one,
recall the definition of an injective Banach space E: If T : F → E is a linear
map and F is a subpace of G, then there exists a linear map T̂ : G → E
extending T such that ‖T‖ = ‖T̂‖. There is also a lattice analogue of
injectivity: We say E is an injective lattice if for all lattices F ⊆ G and
any positive linear maps T : F → E, then there exists a positive linear
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map T̂ : G → E extending T such that ‖T‖ = ‖T̂‖. The injective finite
dimensional Banach spaces are exactly the `n∞ spaces. By [6, Theorem 5.2],
the `∞-sums of finite dimensional `1 spaces make up the collection of finite
dimensional injective lattices. Furthermore, the Gurarij space in particular
can be constructed as an inductive limit of `n∞ Banach spaces. We will
now also show that BL can be constructed as an inductive limit of `m∞(`n1 )
lattices.

Lemma 4.2. K′ is an incomplete Fräıssé class that is dense in K. In
particular, the Fräıssé metric dK

′
isometrically coincides with dK.

Proof. K′ has the HP by its definition. By Theorem 3.5, it has the AP.
Clearly it also has the JEP: given two X,Y ∈ K′, we also have A⊕∞B ∈ K′.
To show density in K, let < a > be a finitely generated lattice, and embed
< a > into U . Let (xσ)σ∈T be the finitely branching tree comprised of ele-
ments in U of the form χNσ⊗χQk where Qk is a diadic interval of length 2−n,

|σ| = n, and Nσ ⊆ ∆ = {0, 1}N is the set consisting of all infinite branches
starting with σ. Now span((xσ)σ∈T ) is dense in U . Let Sn := {xσ : |σ| = n},
and observe that span{Sn} is itself a `2

n

∞ (`2
n

1 ) space. Given ε > 0, choose
n and x ⊆ span(Sn) such that d(a, x) < ε. Then the lattice < x >∈ K′ is
sufficiently close to < a > in dK.

To show separability of K′ and the CCP, it is sufficient to show that dK|K′ =

dK
′
. Clearly dK|K′ ≤ dK

′
, so we need only to show the opposite inequality.

Let dK(a, b) = δ, and let ε > 0. Choose embeddings φA and φB from < a >
and < b > into U such that d(φA(a), φB(b)) < δ + ε. By Lemma 3.8, given
ε > 0, there exist n ∈ N and (1 + ε)-embeddings fA : A → D := span(Sn)
and fB : B → D such that ‖fA − φA‖ < ε and ‖fB − φB‖ < ε. Now
note that d(fA(a), fB(b)) < δ + 3ε. Use Theorem 3.13 to renorm D with a
(1 + ε)-equivalent renorming |||·||| so that fB : B → D′ = (D, |||·|||) ∈ K′ is an
embedding. Then fA is a (1 + ε)2-embedding into D′. Finally, use Theorem
3.15 to get some C ∈ K′ and embeddings gA : A → C and gD′ : D′ → C
such that ‖gD′ ◦ fA − gA‖ ≤ 2ε+ ε2. Then for each i, we have

‖gA(ai)− gD′fB(bi)‖C ≤ ‖gA(ai)− gD′fA(ai)‖C + ‖gD′fA(ai)− gD′fB(bi)‖C
≤ 2ε+ ε2 + ‖fA(ai)− fB(bi)‖D′

≤ 2ε+ ε2 + (1 + ε)d(fA(a), fB(b))

≤ 2ε+ ε2 + (1 + ε)(δ + 3ε).

We can let ε get arbitrarily small, so dK
′ ≤ dK|K′ , and we are done. �

It is known that incomplete Fräıssé classes admit a Fräıssé limit for the com-
pletion of the class, but here we will explicitly show that the construction
of the limit BL need only involve an increasing sequence of lattices in K′.
In order to prove the following theorem, we use approximate isometries as



24 M.A. TURSI

described in [5], that is, bi-Katetov maps ψ : X × Y → [0,∞] with X and
Y both metric spaces. Recall that ψ is bi-Katetov if for all x, x0 ∈ X and
y, y0 ∈ Y , |ψ(x, y)− d(x, x0)| ≤ ψ(x0, y) and |ψ(x, y)− d(y, y0)| ≤ ψ(x, y0).
In this context, approximate isometries provide information about how gen-
erating tuples a and b relate in ambient spaces.

Approximate isometries can be induced by finite partial embeddings, i.e.,
partial functions f : X ⇀ Y , with dom(f) = X0 a finite set, which induce
lattice embeddings f :< X0 >→ Y . More generally, for any X0 ⊆ X and a
(not necessarily finite) partial embedding f : X0 → Y , we let ψf : X×Y → R
be defined by ψf (x, y) = infz∈X0 ‖x−z‖+‖y−f(z)‖. Observe that if x ∈ X0,
then ψf (x, y) = ‖f(x)−y‖. If X0 ⊆ X, we also have an approximate isome-
try ψIdX0

: X0×X → R with IdX0 the inclusion maps from X0 to X, where

ψIdX0
(x, y) = ‖x− y‖.

There is also a “pseudoinverse” operation: if ψ(x, y) is an approximate isom-
etry, we let ψ∗(y, x) = ψ(x, y). Clearly ψ∗∗ = ψ. We can also “compose” ap-
proximate isometries. If φ : X×Y → R and ψ : Y ×Z → R are approximate
isometries, then ψφ : X × Z → R with ψφ(x, z) = infy∈Y (φ(x, y) + ψ(y, z))
is also an approximate isometry by [5, Lemma 2.3(i)]. For example, if
f : A0 → C and g : B0 → C generate embeddings from < A0 > and
< B0 > to C respectively, then the map ψ∗gψf :< A0 > × < B0 >→ R,
where

ψ∗gψf (x, y) = inf
z∈C

(ψf (x, z) + ψg(y, z)).

is also an approximate isometry. Note that if A0 = a, B0 = b, and
d(f(a), g(b)) is small, then ψ∗gψf (ai, bi) will also be small, and the converse
holds true as well. In fact, for x ∈ A0 and y ∈ B0, we have ψ∗gψf (x, y) =
‖f(x) − g(y)‖ (here A0 and B0 need not be finite). Thus we can see ap-
proximate isometries as marking conditions for the ”strength” of a joint
embedding. An approximate isometry ψ may originally be defined on some
X0 × Y0, with X0 ⊆ X and Y0 ⊆ Y , but it can be extended to X × Y by
the composition ψIdY0ψψ

∗
IdX0

. However, if the ambient spaces are clear from

context, we will just write ψ to refer to the extended approximate isometry.
Finally, composition and involution as described above work analogously to-
gether like the multiplication and inversion group operations. In particular,
composition is associative and (ψφ)∗ = φ∗ψ∗ (see [5, Lemma 2.3(ii)]).

We say that ψ is refined by, or coarsens φ if φ(x, y) ≤ ψ(x, y) for all
(x, y) ∈ X × Y . Given lattices X and Y , we let Apx(X,Y ) ⊆ [0,∞]X×Y ,
equipped with the product topology on [0,∞]X×Y , be the set of all approx-
imate isometries generated by finite partial embeddings between elements
in K′, composition, coarsening, and any point-wise limit of such maps. For
ψ ∈ Apx(X,Y ), we let Apx<ψ(X,Y ) be the interior of the set of refinements
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of ψ. If Apx<ψ(X,Y ) 6= ∅, we say that ψ is a strictly approximate isom-
etry and use the notation φ < ψ to mean φ ∈ Apx<ψ(X,Y ). Intuitively,
strictly approximate isometries do not impose strong conditions on possible
joint embeddings except on some finite set (see Lemma [4, Lemma 3.8(ii)
]), so they leave much room for refinement. While the set Apx(X,Y ) seems
complicated, by [5, Lemma 3.8(iv)], it actually is comprised of the closure
of coarsening and pointwise limits of approximate isometries in the form of
ψ∗gψf (extended to X × Y ) where f and g are finite partial embeddings.

Suppose ψ : X × Y → R is an approximate isometry, and let r > 0. We
say that ψ is r-total if ψ∗ψ ≤ ψIdX + 2r. It is not hard to show that if
f : X → Y is an embedding, then ψ∗fψf = ψIdX , so any such ψf is r-total
for all r > 0.

Approximate isometries can also be used to characterize the AP: for every
A,B ∈ K′, < a >⊆ A and embedding f :< a >→ B, there exist C ∈ K′
and embeddings g : A→ C and h : B → C such that ψ∗hψg ≤ ψf (with the
necessary extensions on f). See [4, Definition 3.5(iii)] for the generalized
definition of the NAP using approximate isometries. Using the fact that
ψ∗hψg(x, y) = ‖g(x)− h(y)‖ and ψf (x, y) = ‖f(x)− y‖, one can easily show
that this definition is equivalent to our current working definition of the AP.
Note also the inequality; this is due to the fact that f is only defined on
< a > while g is defined on all of A, so the extension of ψf to A×B contains
less limiting information than ψ∗hψg(x, y).

We are now ready to prove the following:

Theorem 4.3. BL can be constructed as the limit of an increasing sequence
of `m∞(`n1 ) lattices. In particular, it is finitely branchable.

Proof. We construct an increasing sequence of finite dimensional lattices
An as in the proof of Lemma 3.17 in [5] with BL isometric to

⋃
nAn. Let

A1 ∈ K′, and let Kn,0 be a countable dense subset of K′n. Since K′ is dense
in K, we have Kn,0 dense in Kn. We proceed by induction. Suppose Ak has
been defined for all k ≤ n. Suppose also that Ak,0 ⊆ Ak is countable and
dense in Ak for all k ≤ n, with Ak,0 ⊆ Ak+1,0 for each k < n.

By [5, Lemma 3.8(ii)], for any finite tuples a and b we can ensure the exis-
tence of a countable set C(a, b) ⊆ K′ such that every C ∈ C(a, b) contains
an isometric copy of < a > and < b >, and every strictly approximate isom-
etry ψ : b × a → Q can be refined in < b > × < a > by some ψ∗fψg with

f :< a >→ C and g :< b >→ C for some C ∈ C(a, b) (by [5, Lemma 2.8(ii)],
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such strictly approximate isometries ψ : b× a→ Q actually exist). Let

Ck =
⋃

b∈Kn,0
a⊆Ak,0

C(a, b).

To construct An+1, take the first n lattices C1
k , ..., C

n
k in each Ck for k ≤ n,

and amalgamate them one after another. Here ai,j ⊆ Ai,0 for some i ≤ n,

and < ai,j > and < bi,j > both into Cji ∈ C(ai,j , bi,j) ⊆ Ci :

An ∗ . . . ∗ ∗ . . . ∗ An+1

< a1,1 > C1
1 < ai,j > Cji . . . < an,n > Cnn

< b1,1 > < bi,j > < bn,n >

ι′

f

h

ι

Note that in each case, Ak ∈ K′, so we can if necessary enlarge Ak and
assume that Ak = `mk∞ (`nk1 ) for some mk, nk ∈ N.

Observe that for each tuple a ⊆ Ak, b ∈ Kk,0, and each strictly approximate

isometry ψ : b × a → Q, we have some m > k such that a = ai,j , b = bi,j
for some i, j ≤ m with Cji ∈ C(a, b) and embeddings f :< ai,j >→ Cji and

ι :< bi,j >→ Cji such that ψ∗fψι < ψ. Additionally, there is an embedding

h : Cji → Am with ψ∗hψι′ ≤ ψf . In particular, we have

ψhι|<bi,j>×<ai,j> = ψ∗fψι :

Indeed, given x ∈< ai,j > and y ∈< bi,j >,

ψhι(y, x) = ‖hι(y)− x‖ = ‖hι(y)− ι′(x)‖
= ‖hι(y)− hf(x)‖ = ‖ι(y)− f(x)‖ = ψ∗fψι.

Thus ψhι ≤ ψ∗fψι < ψ. Furthermore, ψhι is r-total on bi,j for all r > 0, since

hι is an embedding. Thus by [5, Lemma 3.16],
⋃
nAn is a Fräıssé limit for

K′-structures, where K′ is the Fräıssé completion of K′. By Theorem 4.2,
we have K′ = K. This implies that

⋃
nAn is also a Fräıssé limit of K, so by

uniqueness,
⋃
nAn is isometric to BL. �

A lattice that is finitely branchable can be expressed as an inductive limit
of finite dimensional lattices. We also have the following:

Theorem 4.4. Any finitely branchable lattice can be generated by two ele-
ments.
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Proof. Let X be finitely branchable, and let (xσ)σ∈T be a finitely branching

tree densely spanning X. Recall that as a tree, T ⊆
⋃
M

∏M
n An, where each

An is a finite nonempty set. We will find two elements u and v such that
X =< u, v >. Let u = x∅ and let Sn = {xσ : |σ| = n} as in the proof of
Lemma 4.2. Consider now X1 = span(S1), and let

v1 =
∑
|σ|=1

aσxσ,

where 0 < aσ and the aσ’s are mutually distinct. The mutual distinction
enables each xσ to be produced using lattice operations over u and v1. For
example, take aρ = max aσ, and pick c such that cαρ > 1 but for all τ 6= ρ,
caτ < 1. Recall that u = x∅ =

∑
|σ|=1 xσ, so (cv1−u)∨0 = (cαρ−1)xρ. We

then make the same argument, but for u−xρ and v1−aρxρ, thus generating
each successive xσ for all σ ∈ S1.

Suppose that for all k ≤ n, vk has been selected and that for each k we
have a finite sequence of functions (φik(x, y))i generated by lattice operations
+,∧, r· (where r is real), with corresponding moduli of continuity ∆i

k : R+ →
(0, 1]. Suppose we also have:

• For each k ≤ n, vk =
∑
|σ|=k aσxσ, with aσ > 0 and mutually

distinct.
• For each k ≤ n, < u, vk >= span(Sk)
• For each k ≤ n, (φik(u, vk))i is a 2−k-net in the unit ball of span(Sk).
• For each k < n,

‖vk − vk+1‖ <
mini,j≤k( (∆i

j(2
−k))i )

2k

Note that

vk =
∑
|σ|=k

aσ
∑

m∈Ak+1

xσ_m,

so for each m ∈ An+1 and σ ∈
∏n

1 Ak, pick positive, mutually distinct aσ_m
such that

|aσ − aσ_m| <
mini,j≤n( (∆i

j(2
−n))i )

2n|Sn+1|
.

Thus if vn+1 :=
∑
|σ|=n+1 aσxσ, we have ‖vn− vn+1‖ <

mini,j≤n( (∆i
j(2
−n))i )

2n .

Now < u, vn+1 >= span(Sn+1). For each σ with |σ| = n+ 1, pick 0 < s <

aσ < r that for all τ 6= σ with τ ∈
∏n+1

1 Ak, either τ > r or τ < s. Let
x = (vn+1 − su)+ and y = (vn+1 − ru)+. Then for some large enough C,
(Cy−x)+ is a multiple of xσ. Finally, let (φin+1(x, y))i be a finite collection

of functions generated by lattice operations such that (φin+1(u, vn+1))i is a

2−n−1-net in the unit ball of span(Sn+1). Let v = lim vn.
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We show that < u, v >= X. Observe that the set {φin(u, vn) : n ∈ N}
is dense in X by the above properties. Let ε > 0, and pick n such that

2−n < ε. Then ‖vn−vn+1‖ < ∆i
n(ε)

2n+1 and φin(u, vn) is ε-dense in B(span(Sn)).

Furthermore, for all m > n, we have ‖vn − vm‖ < mini ∆i
n(ε)

∑m
j=n+1 2−j .

Thus ‖vn−v‖ ≤ ∆i
n(ε), so ‖φin(u, vn)−φin(u, v)‖ < ε for all φin. This implies

that the set {φin(u, v)| n ∈ N} is dense in X, so we are done. �

Theorem 4.3 combined with Theorem 4.4 yields a surprising result:

Corollary 4.5. The lattice BL is finitely generated.

Remark 4.6. Finite generation implies that BL is not stably homogeneous
in the sense defined by Lupini in [15]. That is, given finitely generated A
and embeddings f : A → BL and g : A → BL, we cannot guarantee that
for all ε > 0, there is some automorphism φ on BL such that ‖φ◦f−g‖ < ε.
Thus approximating over a finite number of elements rather than by norms
is the best, in some sense, that can be done in terms of homogeneity.

Suppose otherwise. Since BL can be generated by two elements x1, x2, we
consider e ∈ S(BL)+ and embedding f :< x1, x2 >→ BL such that the
image does not have full support and f(e) is disjoint from e (we can do
this, for example, by finding a copy of BL ⊕∞ R that is in BL, and pick
e ∈ S(R)+). If BL were stably homogeneous, there would exist a lattice
automorphism φ on BL such that ‖f − φ‖ < 1

2 . Then ‖f(φ−1(e)) − e‖ =

‖(f − φ)(φ−1(e))‖ < 1/2, but f(φ−1(e)) is disjoint from e, which means
‖f(φ−1(e))− e‖ ≥ 1, a contradiction.

5. An alternate construction of BL and some of its properties

The Fräıssé limit BL is clearly of approximately universal disposition both
for finite dimensional lattices and for finitely generated lattices. In this
section, we show that separable lattices of approximately universal disposi-
tion for finitely generated lattices are isometric to BL. In addition, finitely
branchable lattices of approximately universal disposition for finite dimen-
sional lattices are isometric to BL. A bi-product of the latter is a simplified
construction of BL which allows us to explore some of its structural prop-
erties.

We first show that approximate universal disposition can be broadened to
include extensions of ε-isometries:

Lemma 5.1. Suppose X is of approximately universal disposition for finitely
generated Banach lattices, let < a >= A ⊆ X and B be finitely generated,
and let f : A → B be a (1 + ε′)-embedding. Then for all ε > ε′ and for all
δ > 0, there exists a (1+δ)-embedding g : B → X such that ‖g◦f(a)−a‖ < ε.
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Proof. By Theorem 3.15 there is a lattice Z and embeddings h1 : A → Z
and h2 : B → Z such that ‖h2 ◦ f − h1‖ ≤ ε′. We can assume that Z is
finitely generated as well, since we can embed into U if necessary. Decreasing
δ as necessary, we can suppose that (1 + δ)ε′ + δ < ε. Then there exists a
(1 + δ)-embedding g′ : Z → X such that ‖g′h1(a)− a‖ < δ. Then

‖g′h2f(a)− a‖ ≤ ‖g′‖‖h2(a)− h1(a)‖+ ‖g′h1(a)− a‖ < (1 + δ)ε′ + δ < ε.

Let g = g′ ◦ h2, and we are done. �

We can now show the following:

Theorem 5.2. Any separable Banach lattice of approximately universal dis-
position for finitely generated lattices is isometric to BL.

Proof. The proof follows that of Theorem 1.1 in [12]. Suppose X and Y are
lattices of approximately universal disposition for finitely generated lattices.
We will then construct a lattice isometry. Let (xn), (yn) be dense in X
and Y , with x1 = 0 and y1 ≥ 0. Given ε > 0, let εn ↓ 0 be a decreas-
ing sequence such that εn < 2−n−1. Throughout, we let xn = (x1, ..., xn),
and let Xn =< xn >, with the same notation for yn and Yn. Finally, let
f1 : X1 → Y1 be the trivial isometry.

We begin our construction: let g1 : Y1 → X be a (1 + ε1)-isometry. Note

this isometry exists. Now take X̃2 = BL(X2 ∪ g1(Y1)). This lattice is also

finitely generated by x̃2 = x2 ∪ g1(y1), so we have the map g1 : Y1 → X̃2,

and by Lemma 5.1, pick a (1 + ε2)-embedding f2 : X̃2 → Y such that

d(f2g1(y1), y1) < 1
22

. Now let Ỹ2 = BL(f2(X̃2) ∪ Y2). Use Lemma 5.1 again

to generate a (1+ε3)- embedding g2 : Ỹ2 → X such that d(g2f2(x̃2), x̃2) < 1
23

.

We can proceed inductively by constructing finitely generated subspaces
X̃n = BL(Xn ∪ gn−1(Ỹn−1)) and Ỹn = BL(Yn ∪ fn(X̃n)) with corresponding
tuples x̃n = xn ∪ gn−1(yn−1) and ỹn = yn ∪ fn(yn), as well as (1 + ε2(n−1))-

embeddings fn : X̃n → Ỹn and (1+ε2n−1)-embeddings gn : Ỹn → X̃n+1 such
that d(ỹn, fn+1gn(ỹn)) < 1

22(n−1) and d(x̃n, gnfn(x̃n)) < 1
22n−1 . Note that for

each k ≤ n, we have

‖fn+1(xk)− fn(xk)‖
=‖fn+1(xk − gnfn(xk) + gnfn(xk))− fn+1(xk)‖
≤‖fn+1(xk − gnfn(xk))‖+ ‖(fn+1gn − Id)fn(xk)‖

≤ 2

22(n−1)
+

2

22(n−1)
=

1

22(n−2)

so the sequence fn(xk)n≥k is Cauchy. The same is true for gn(yk)n≥k. Let
f = lim fn, and let g = lim gn. These exist, since (xk) and yk are dense in X
and Y . Furthermore, f and g are inverses of each other, and they are each
isometries. �
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We now construct a separable lattice of approximately universal disposition
for finite dimensional lattices. The approach is a modification of that in [2,
Section 5] for the Gurarij space.

Let J be the collection of embeddings between finite dimensional lattices in
K. Since any such lattice isometrically embeds into U , we can assume that J
is a set by limiting it to embeddings between finite dimensional sublattices
of U . Let J0 be a countable dense subset of J in the following sense: for all
embeddings f : A → B with B finite dimensional and for all ε > 0, there
exists u : A′ → B′ ∈ J0, and (1 + ε)-isometries ιA : A→ A′ and ιB : B → B′

such that u ◦ ιA = ιB ◦ f . In addition, for a separable lattice X, let L(X)
be the set of all maps v : A′ → X which are C-embeddings for some C ≥ 1
with A′ ∈ Dom(J0). Let L0 be a countable subset of L(X) which is dense
in the following sense: for all ε > ε′ > 0 and (1+ε′)-embeddings f : A′ → X
with A′ ∈ Dom(J0), L0 contains an (1 + ε)-embedding v : A′ → X such that
‖v − f‖ < ε.

Let X0,0 = X, and suppose now that Xn,k has been constructed. Let Ln
be a countable subset of L(Xn,0) which is dense in the manner described
for L0 and L(X). Finally, let Γn = {(u, v) ∈ J0 × Ln : dom(u) = dom(v)},
and let ((uni , v

n
i ))i be an enumeration of Γn. We then construct Xn,k+1

by amalgamating as follows. Given (unk , v
n
k ) ∈ Γn with vnk a C-embedding,

we use part 2 of Corollary 3.14 to get an embedding ι : Xn,k → Xn,k+1

and C-embedding w : cod(unk) → Xn,k+1 such that the following diagram
commutes:

dom(unk) cod(unk)

Xn,k Xn,k+1

unk

vnk w

ι

Finally, we let Xn+1,0 =
⋃
k∈NXn,k, and then let Xω0(X) =

⋃
n∈N Xn,0.

Theorem 5.3. Xω0(X) is of approximately universal disposition for finite
dimensional lattices.

Proof. Let f : A → B and g : A → Xω0(X) be embeddings, with A and
B finite dimensional. Given ε > 0, by density of embeddings and spaces in
J0 and Ln, pick an embedding u : A′ → B′ with u ∈ J0 such that there
are (1 + ε/2)-isometries i1 : A → A′ and i2 : B → B′ with u ◦ i1 = i2 ◦ f .
Since g ◦ i−1

1 is also a (1 + ε/2)-embedding, there exists n and a (1 + ε)-

embedding v : A′ → Xn,0 such that v ∈ Ln and ‖v − g ◦ i−1
1 ‖ < ε. Then

‖v ◦ i1 − g‖ < (1 + ε)ε. Using the construction above, we thus have the
following commutative diagram:
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A B

A′ B′

Xn,0 Xn+1,0

f

i1 i2

u

v ιB′

ι

In the diagram, i1, i2, v and ιB′ are each (1 + ε)-embeddings. We now let
h : B → Xω0(X) = ιB′ ◦ i2. This is clearly a (1 + ε)2-embedding. Finally,
for all x ∈ B(A), we have

‖g(x)− hf(x)‖ = ‖g(x)− ιB′i2f(x)‖
= ‖g(x)− vi1(x)‖ < (1 + ε)ε.

Thus Xω0(X) is of approximately universal disposition for finite dimensional
lattices. �

One can use a similar argument to construct (non-separable) lattices of uni-
versal disposition by amalgamating over all combinations of embeddings of
separable spaces ω1 times rather than selecting a countable subset each step
(see [3, Theorem 5.3]).

We can adapt our construction with additional conditions as a way to discern
the structure of BL. For instance, we can start with X ∈ K′ in particular,
and then inductively construct increasing lattices X = X0 ⊆ X1 ⊆ ... ⊆
Xn ⊆ Xn+1 ⊆ .... with each Xn ∈ K′. First, we ensure that J0 and each Ln
consist only of maps between lattices in K′. This is possible assuming X0 is
in K′ and by Lemma 3.2. Then given Xn ∈ K′, we can construct Xn+1 ∈ K′
by applying parts 2 and 3 of Corollary 3.14 over the nth pair (ukn, g

k
n) ∈ Γk

for each k < n, followed by the first n pairs in Γn.

dom(u1
n) cod(u1

n) dom(u2
n) cod(u2

n) . . . dom(unn) cod(unn)

Xn ∗ ∗ ∗ Xn+1

u1n

v1n

u2n

v2n

unn

vnn

...

Thus for any pair (ukn, v
k
n) ∈ Γk with vkn a C-embedding for some C, there

exists some m > k (here m = max(k + 1, n + 1) ) and a C-embedding

ι : cod(ukn) → Xm such that vkn = ι ◦ ukn. The lattice
⋃
nXn is then a limit

of finite dimensional lattices and is thus finitely branchable, and a small
variation of the argument in Theorem 5.3 can be used to show that it is also
of approximately universal disposition for finite dimensional lattices. It turns
out, however, that we have derived an alternate, simplified construction of
BL:
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Theorem 5.4. Any two finitely branchable lattices of approximately uni-
versal disposition for finite dimensional lattices are isometric. In particular,
they are isometric to BL and are thus of approximately universal disposition
for finitely generated lattices.

Proof. Suppose X and Y are two finitely branchable separable lattices of
approximately universal disposition for finite dimensional lattices. As in the
proof of Theorem 5.2, we simply construct an isometry f : X → Y with its
inverse g : Y → X.

Let (Xn) and (Yn) be sequences of finite dimensional lattices generated by
corresponding spanning trees, (here we let Xn = span({xσ : |σ| = n})
such that X =

⋃
Xn and Y =

⋃
Yn. Let εn ↓ 0 be a sequence such that∏

(1 + εn) < 1 + ε. We then proceed just like in the proof of Theorem 5.2,
but with a modification. Let f1 : X0 → Y0 be an isometry (this is possible
because X0 and Y0 are simply 1-dimensional lattices spanned by x∅ and y∅,
respectively). Now, let g1 : Y1 → X be a (1 + ε1)-embedding such that
‖x∅− g1f1(x∅)‖ ≤ 1

2 , By density of
⋃
Xn, and since Y1 is finite dimensional,

we can in fact ensure that g1 maps into some Xk2 for some k2 ∈ N.

Rather than generating lattices X̃n and Ỹn, using Lemmas 5.1 and 3.8,
we can pick (1 + ε2(n−1))-embeddings fn : Xkn → Yk′n and (1 + ε2n−1)-

embeddings gn : Yk′n → Xkn+1 such that ‖gnfn−IdX‖ < 1
22n−1 , and similarly,

‖fngn−1 − IdY ‖ ≤ 1
22(n−1) . Then

‖fn+1 − fn‖ =‖fn+1 − fn+1gnfn + fn+1gnfn − fn‖
≤‖fn+1‖‖IdX − gnfn‖+ ‖fn+1gn − IdY ‖‖fn‖

≤ 2

22(n−1)
+

2

22(n−1)
=

1

22(n−2)

A similar argument can be made for the gn’s. Thus for all n and for all
x ∈ Xkn the sequence (fm(x))m>n is Cauchy. The same is true for any
y ∈ Yk′n and sequence (gm(y))m>n. Let f = lim fn and g = lim gn, and we
are done. �

The assumption of finite branchability is essential in the above proof. It
is currently unknown, however, if there are lattices which are not finitely
branchable but are of approximately universal disposition for finite dimen-
sional lattices.

Since BL is finitely branchable, it contains many non-trivial projection
bands. Recall that a ideal sublattice B ⊆ X is a band if for all x ∈ X
and sets A ⊆ B, if x = supA, then x ∈ B. Given a set A ⊆ X, we let
A⊥ = {x ∈ X : x ⊥ a for all a ∈ A}. A⊥ is itself a band, and if B is a band,



A SEPARABLE UNIVERSAL HOMOGENEOUS BANACH LATTICE 33

then B⊥⊥ = B (see [1, Theorem 1.28]). A band B is a projection band if
X = B ⊕B⊥; that is, every x ∈ X can be uniquely written as x1 + x2 with
x1 ∈ B and x2 ∈ B⊥. Note that if B is a projection band, it induces a lattice
projection P : X → B, that is, a contractive lattice homomorphism onto B
with P 2 = P and in particular, P |B = Id|B. Let (xσ)σ∈T be a linearly dense
spanning tree in BL. Then it is clear that BL = ⊕|σ|=nspan({xτ : τ ⊇ σ}),
and that each sublattice span({xτ : τ ⊇ σ}) is a projection band. We thus
have the following:

Theorem 5.5. Every non-trivial projection band in B ⊆ BL is itself iso-
metric to BL.

Proof. First note that B itself is finitely branchable. Given a finitely branch-
ing tree (xσ)σ∈T ⊆ BL and lattice projection P : BL→ B, we get (P (xσ))σ∈T
as a spanning tree for B.

We now show that B is of approximately universal disposition for finite di-
mensional lattices. By Theorem 5.4, this implies that B must in fact be
isometric to BL.

Let J0, Γn, Ln, and Xn denote the sets and lattices used in the construc-
tion preceding Theorem 5.4. Let A ⊆ B, and f : A → B be an isomeric
embedding between finite dimensional A and B. Given ε > 0, the goal is to
construct a (1 + ε)-embedding g : B → B such that ‖g ◦ f − Id|A‖ < ε.

We begin with the case where f(A) fully supports B. Let (ai)i and (bi)i
be finite sequences enumerating the atoms of A and B, and let N be such
that Nf

(∑
i ai
)
≥
∑

i bi. Finally, let xB be a weak unit in B such that∑
i ai ≤ xB. Then given δ > 0, by Lemma 3.8 and density of ∪Xn in

BL, there exist m ∈ N, a (1 + δ)-embedding v : A′ → Xm with v ∈ Lm,
u : A′ → B′ with u ∈ J0, j1 : A→ A′, j2 : B → B′, and x′B ∈ Xm such that

(1) For all i, ‖Nai −Nvj1(ai)‖ < δ
dimA

(2) j1 and j2 are (1 + δ)- isometries with u ◦ j1 = j2 ◦ f
(3) ‖NxB −Nx′B‖ < δ and x′B ≥ vj1

(∑
i ai
)
.

If necessary, we can replace xB with xB ∨ P (x′B). All prior conditions will
still be fulfilled, so we can assume xB ≥ P (x′B). Now (u, v) ∈ Γm, so there
exists some n > m such that B′ also (1 + δ)-embeds into Xn:
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A B

A′ B′

Xm Xn

f

j1 j2

u

v ιB′

ι

Furthermore,

(∗) Nx′B ≥ N
∑
i

vj1(ai) = N
∑
i

ιvj1(ai) = N
∑
i

ιB′uj1(ai)

=
∑
i

ιB′ι2
(
N
∑
i

f(ai)
)
≥ ιB′ι2

(∑
i

bi
)
.

.

Let g : B → B be defined by g = P ◦ ιB′ ◦ j2. By (∗), we have that
NxB ≥ NP (x′B) ≥ g

(∑
i bi
)
. Furthermore, since P is a band projection, it

follows that for all
∑

i ciιB′j2(bi) with 0 ≤ ci ≤ 1,

NxB ∧
(
ιB′j2

∑
i

cibi
)

= NxB ∧ PιB′j2
(∑

i

cibi
)

= g
(∑

i

cibi
)
.

Therefore ∥∥∥∥∑
i

ciιB′j2(bi)−
∑
i

cig(bi)

∥∥∥∥ =∥∥∥∥Nx′B ∧∑
i

ciιB′j2(bi)−NxB ∧
∑
i

ciιB′j2(bi)

∥∥∥∥ < δ,

so ‖ιB′ ◦ j2 − g‖ < δ, and since ιB′ ◦ j2 is a (1 + δ)2-embedding, g is a
(1+δ)3

1−δ -embedding. Finally, since the diagram commutes, we have gf(ai) =

PιB′j2f(ai) = Pvj1(ai). Since ai ∈ B, P (ai) = ai, so for all
∑

i ciai ∈ S(A),
by condition 1 we have∥∥∥∥gf(∑

i

ciai
)
−
∑
i

ciai

∥∥∥∥ =∥∥∥∥∑
i

ci
(
Pvj1(ai)− P (ai)

)∥∥∥∥ ≤∑
i

ci‖vj1(ai)− ai‖ < δ.

Now δ can be arbitrarily small, so assume that (1+δ)3

1−δ < 1 + ε. Since
g = P ◦ ιB′ ◦ j2, it sends elements of B into B thanks to composition by P .
Thus g satisfies the requirements.

Suppose now that B is not fully supported by A. For all δ > 0, we can
perturb f with a (1 + δ)-embedding f ′ : A → B such that f ′(A) fully
supports B and ‖f − f ′‖ < δ. By Lemma 3.13, let B′ be a copy of B with
a (1 + δ)-equivalent renorming so that f ′ : A→ B′ is an embedding.
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Now use the result above to get a (1 + δ) embedding g : B′ → B such that
‖Id|A − g ◦ f ′‖ < δ.

A B

B′

B

f

f ′

Id|A

IdB

g

Now with the original norm on B, g is a (1 + δ)2-embedding, and under the
norm on B′, ‖f − f ′‖B′ < (1 + δ)δ. Then

‖g◦f−Id‖ ≤ ‖g◦(f−f ′)‖+‖g◦f ′−Id‖ ≤ ‖g‖‖f−f ′‖B′+δ < (1+δ)2δ+δ.

We can then let δ be arbitrarily small. Thus B is of approximately universal
disposition for finite dimensional lattices. �
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